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MODULI SPACE OF PARABOLIC Λ-MODULES OVER A CURVE
DAVID ALFAYA
Abstract. Simpson, in 1994, introduced the notion of Λ-modules and con-
structed the corresponding moduli space, where Λ is a sheaf of rings of differ-
ential operators. Higgs bundles, connections and λ-connections (as defined by
Delgine) are particular cases of Λ-modules. In this article the concept of para-
bolic Λ-modules over a curve is introduced and their moduli space is built. As
an application, we construct the parabolic Hodge moduli space parameterizing
parabolic λ-connections.
1. Introduction
Simpson [Sim94] developed the concept of Λ-modules as a theoretical framework
that unified the notions of vector bundle, Higgs bundle, integrable connection and
other similar geometric structures. The main idea is to consider the corresponding
Higgs field or connection as an action of a certain sheaf of rings of differential
operators on a coherent sheaf. For example, if we have a Higgs field ϕ : E → E⊗K
over a coherent sheaf E with ϕ ∧ ϕ = 0, it induces a morphism ϕ′ : K∨ ⊗ E → E
that extends, by composition, to a morphism ϕ′′ : Sym•(K∨)⊗ E → E. Therefore,
providing a Higgs field is equivalent to defining a left action of the sheaf of algebras
ΛHiggs := Sym•(K∨) on E.
Similarly, sheafs with an integrable connection, described as a sheaf E together
with a C-linear morphism ∇ : E → E ⊗ K satisfying the Leibniz rule such that
∇2 = 0, are in correspondence with DX -modules, i.e., sheafs E with a left action of
the sheaf of differential operators ΛDR := DX . This approach had been studied by
[Ber84] and motivated the definition given by Simpson of sheaf of rings of differential
operators. A sheaf of rings of differential operators over X is a filtered OX -algebras
satisfying some conditions resembling the main properties of D; the left and right
action of OX on the graduate are the same (the algebra of symbols of operators of a
certain degree is commutative), the graduate at each point is coherent (the algebra
of symbols of operators of a given order is finite-dimensional) and the graded algebra
is generated by the first step of the filtration (the algebra of differential operators is
generated by operators of order one).
A Λ-module is a left module E for the sheaf of rings Λ where the OX-module
structure coming from OX →֒ Λ coincides with the OX -module structure of E, i.e.,
it is an OX-module E endowed with an action
ϕ : Λ⊗OX E −→ E
2010 Mathematics Subject Classification. 14D20, 14D22.
Key words and phrases. Vector bundle, moduli space, Λ-module, parabolic vector bundle, par-
abolic connection, parabolic Hodge moduli space.
1
2 D. ALFAYA
Simpson proved that for every Λ satisfying the previous properties there exists a
quasi-projective moduli space of semistable Λ-modules for a certain natural semi-
stability condition. Some important examples of moduli spaces that can be con-
structed as instances of this general theorem include the moduli spaces of vector
bundles, Higgs bundles (or, in general, Hitchin pairs/twisted Higgs bundles), con-
nections, logarithmic connections or λ-connections.
On the other hand, let C be a smooth complex projective curve and let D be a
finite set of points in C that we will consider as punctures on a Riemann surface.
We are interested in studying variants of the previous geometric contraptions over
C where we allow the existence of logarithmic singularities over the punctures in
D, modulated by a “parabolic” structure over D, i.e., a filtration of the fibers of
the underlying sheaf at each of the punctures preserved by the action of the Higgs
field or connection. The moduli space of parabolic vector bundles over a curve was
described by Mehta and Seshadri [MS80]. Maruyama and Yokogawa generalized the
concept of parabolic sheaf to arbitrary dimension and proved the existence of a coarse
moduli space of parabolic sheafs [MY92]. Later on, Yokogawa built the moduli space
of parabolic Higgs bundles [Yok93] . The moduli space of logarithmic connections
(without a parabolic structure) has been built by Nitsure [Nit93] and a notion of
moduli space of parabolic connections was developed in [IIS06] in order to study
solutions to the Painleve´ VI equation on P1. In this paper, we adapt the approach
of Λ-modules introduced by Simpson to the parabolic scenario in order to unify
the previous results in a single theoretical framework and build some similar, yet
unknown, moduli spaces such as the parabolic Hodge moduli space, parameterizing
parabolic λ-connections.
A parabolic Λ-module is a Λ-module (E,ϕ) together with a filtration of the fiber
E|x over the each parabolic point x ∈ D
E|x = Ex,1 ) Ex,2 ) · · · ) Ex,lx+1 = 0
and a sequence of real weights 0 ≤ αx,1 < αx,2 < . . . < αx,lx < 1 such that the
action of Λ preserves the filtration in a certain sense. The stability for Λ-modules is
substituted by a notion of stability depending on the system of weights α = {αx,i}
and the filtration E• = {Ex,i}. The new definition is a natural generalization of
existing ones for parabolic vector bundles, parabolic Higgs bundles and parabolic
connections and admits the usual contraptions such as the Harder-Narasimhan and
Jordan-Ho¨lder filtrations. The main result obtained in this work is the following
(Theorem 5.8)
Theorem 1.1. Let Λ be a sheaf of rings of differential operators on X = C × S
over S such that Λ|D×S is locally free. Then there exist a coarse moduli space
parameterizing S-equivalence classes of semistable parabolic Λ-modules over (C,D)
and an open subset parametrizing isomorphism classes of stable parabolic Λ-modules.
The first part of the article is devoted to reviewing the notion of sheaf of rings
of differential operators and Λ-modules as introduced by Simpson [Sim94, §2] and
generalizing its properties to the parabolic scenario. Parabolic Λ-modules are defined
and we give a notion of stability for parabolic Λ-modules both for complex schemes
X of the form X = C × S, over S, where C is a complex projective curve. Versions
of the Harder-Narasimhan and Jordan-Ho¨lder filtrations for parabolic Λ-modules
are constructed.
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The main question treated in section 3 is the boundedness of the family of
semistable parabolic Λ-modules. We provide uniform bounds for the Mumford-
Castelnuovo regularity of both semistable parabolic Λ-modules and destabilizing
subsheafs of (possibly unstable) parabolic Λ-modules. We prove several technical
lemmas introducing inequalities over the sections of twists of subsheafs of parabolic
Λ-modules.
Section 4 describes the construction of a parameterizing space Rss for the family
of semistable parabolic Λ-modules. First, we describe a projective scheme param-
eterizing parabolic quotients of a given sheaf such that the filtrations have a given
fixed type. Then, starting from Simpson’s rigidification of Λ-modules as quotients
of Λr ⊗OX(−N) ⊗C C
P (N) for a suitable N , we use this “filtered quot scheme” to
incorporate the filtration to the parameter space. Finally we prove that the space
is a quasi-projective variety that can be embedded into a product of Grassmanians
over S using Grothendieck’s embedding of the Quot scheme [Gro61].
In section 5, we use Geometric Invariant Theory to construct a universal cate-
gorical quotient of the previous parameterizing space which corepresents the moduli
functor of families of semistable parabolic Λ-modules over X. GIT-semi-stability
conditions are computed for the natural action of SL(V ), where V is a complex
vector space V , on the product of Grassmanians of the form Grass(V ⊗W,p) for
some vector space W . We use this numerical criterion to describe GIT-semistable
parabolic points of Rss and we prove that GIT-semi-stability coincides with slope-
stability over the parameter space.
When dealing with parabolic Higgs bundles or parabolic connections, we have a
natural notion of residue of the Higgs field or the logarithmic connection at each par-
abolic point x ∈ D as the “−1 coefficient” of the Laurent expansion of the field near
the point. In both cases, the residue must preserve the parabolic filtration. More-
over, when we study the geometry of the moduli space of parabolic vector bundles
a condition over the residue of the Higgs field or the connection respectively arises
naturally. In the case of parabolic Higgs bundles, we usually prescribe the fields
to be “strongly parabolic”, so all the eigenvalues are zero. In the case of parabolic
connections, if we want them to correspond to “strongly parabolic” Higgs bundles
through Simpson’s correspondence [Sim90] then the eigenvalues of the residue of the
connection must be required to be equal to the corresponding parabolic weight. As
Λ-modules are a generalization of these concepts, in section 6 we aim to generalize
these kinds of requisites to other classes of Λ-modules.
We define the concept of “total residue” of a parabolic Λ-module (E,E•, ϕ) as
the morphism
Res(ϕ, x) : Λ|{x}×S ⊗OS E|{x}×S −→ E|{x}×S
induced by ϕ : Λ ⊗ E → E at the parabolic points. Our definition of parabolic Λ-
modules ensures that this map is well defined and preserves the parabolic filtration
in the sense that
Res(ϕ, x)
(
Λ|{x}×S ⊗OS Ex,i
)
⊆ Ex,i
Then, for every section R ∈ H0(S,Λ|{x}×S), the “total residue” induces an endo-
morphism of the fiber ResR(ϕ, x) ∈ End(E|{x}×S). We prove that the usual notions
of residue for parabolic Higgs bundles and parabolic connections can be recovered
within this theoretical framework. Then, we define “residual Λ-modules” as the
parabolic Λ-modules that satisfying a certain additional condition on the residue
analogous to the control of the eigenvalues appearing in parabolic Higgs bundles
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or parabolic connections. The moduli of “residual Λ-modules” is built as a closed
subscheme of the moduli of parabolic Λ-modules, obtaining the following theorem
(Theorem 6.3)
Theorem 1.2. There exist a coarse moduli scheme parametrizing S-equivalence
classes of semistable “residual” parabolic Λ-modules and an open subset parametriz-
ing isomorphism classes of stable ones.
In general, the schemes constructed in sections 5 and 6 are only coarse moduli
spaces for the corresponding moduli problems. In section 7 we provide a numerical
condition which, when satisfied, implies that the subschemes parameterizing stable
objects admit a universal family and, therefore, they are fine moduli spaces for
their corresponding moduli problems. In particular, we prove the following result
(Corollary 7.4 of Theorem 7.3)
Theorem 1.3. If the system of weights α is full flag, then the moduli spaces of stable
parabolic Λ-modules and stable residual parabolic Λ-modules are fine, i.e., they admit
a universal family.
Finally, in section 8 we apply the previous theorems to the construction of the
moduli space of parabolic λ-connections for the group SLr(C) (Theorem 8.4). We
use the deformation to the graduate of the De Rham sheaf of logarithmic differen-
tial operators ΛDR,logD over C with poles over D to obtain a sheaf of differential
operators ΛDR,logD,R over C ×A1, such that residual parabolic ΛDR,logD,R-modules
over SL correspond to parabolic λ-connections. The fiber over λ = 1 of ΛDR,logD,R
coincides with ΛDR,logD and the fiber over λ = 0 is Gr(ΛDR,logD) ∼= Sym(K∨(D)) ∼=
ΛHiggs,logD. We conclude that the constructed moduli space is a quasi projective
variety over A1 such that its fiber over 0 coincides with the parabolic Higgs moduli
space and the fiber over 1 (in fact, over every nonzero λ) is isomorphic to the moduli
space of parabolic connections.
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2. Parabolic Λ-modules
Let p : X −→ S be any relative smooth projective variety over a complex scheme
S.
Definition 2.1 (Sheaf of rings of differential operators). A sheaf of rings of differ-
ential operators on X over S is a sheaf of OX -algebras Λ over X, with a filtration
by sub-algebras Λ0 ⊆ Λ1 ⊆ . . . which satisfies the following properties
(1) Λ =
⋃∞
i=0Λi and for every i and j, Λi · Λj ⊆ Λi+j
(2) The image of the morphism OX → Λ is equal to Λ0.
(3) The image of p−1(OS) in OX is contained in the center of Λ.
(4) The left and ring OX -module structures on Gri(Λ) := Λi/Λi−1 are equal.
(5) The sheafs of OX -modules Gri(Λ) are coherent.
MODULI PARABOLIC Λ-MODULES 5
(6) The morphism of sheaves
Gr1(Λ)⊗ · · · ⊗Gr1(Λ)→ Gri(Λ)
induced by the product is surjective.
We will denote by ΛDR = DX/S the sheaf of differential operators over X relative
to S [Ber84]. It represents the main example of sheaf of rings of differential operators
and, in fact, the previous set of properties are meant to be an abstraction of the
principal characteristics of DX/S . Its graduate Λ
Higgs = Gr•(DX/S) with the induced
sheaf of algebras structure and its deformation to the graduate ΛDR,R are additional
examples.
Lemma 2.2. Let Λ be a sheaf of rings of differential operators over X. Then for
every i, j ≥ 0
Λi · Λj = Λi+j
Proof. It is enough to prove that Λ1 · · ·Λ1︸ ︷︷ ︸
i
= Λi, as then
Λi · Λj = Λ1 · · ·Λ1︸ ︷︷ ︸
i
·Λ1 · · ·Λ1︸ ︷︷ ︸
j
= Λ1 · · ·Λ1︸ ︷︷ ︸
i+j
= Λi+j
By induction, it is enough to prove that for every i, Λi · Λ1 = Λi+1, i.e., that
the morphism Λi ⊗ Λ1 → Λi+1 is surjective. Let U ⊆ X be open. Let v ∈
Λi+1(U). As Gr1(Λ(U)) ⊗ · · · ⊗Gr1(Λ(U))︸ ︷︷ ︸
i+1
→ Gri+1(Λ(U)) is surjective, there exist
w1,1, . . . , wl,i+1 ∈ Gr1(Λ(U)) such that
l∑
j=1
wj,1 · · ·wj,i+1 ∼= v mod Λi(U)
Let wj,i be any representative of wj,i in Λ1(U). Then there exists v
′ ∈ Λi(U) such
that
v =
l∑
j=1
wj,1 · · ·wj,i+1 + v
′
By induction hypothesis, there exist v1,1, . . . , vm,i ∈ Λ1(U), such that
v′ =
m∑
j=1
vj,1 · · · vj,i
Let 1 ∈ Λ0(U) ⊂ Λ1(U) be the unity of the ring. Then
v =
l∑
j=1
wj,1 · · ·wj,i+1 +
m∑
j=1
vj,1 · · · vj,i · 1 ∈ Λ1(U) · · ·Λ1(U)︸ ︷︷ ︸
i+1

Definition 2.3 (Λ-module). Let X be an S-scheme. Let Λ be a sheaf of rings of
differential operators over X. A Λ-module over X is a sheaf E of left Λ-modules
over X such that E is coherent with respect to the structure of OX-modules induced
by the morphism Ox → Λ0.
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Under the previous definition, a vector bundle with an integrable connection can
be alternatively described as a locally free ΛDR-module. Similarly, Higgs bundles
correspond to locally free ΛHiggs-modules and λ-connections on X correspond to
i∗λΛ
DR,R-modules on X × {λ} ⊂ X × A1, where iλ : {λ} →֒ A
1.
Now, let C be a smooth complex projective curve. Let D be a finite set of points
in C. Let S be a complex scheme. Let us consider the complex scheme X = C × S,
considered as a relative smooth projective variety over S. Let OX(1) = p
∗OC(1) be
an S-very ample invertible sheaf. Let D¯ := D×S ⊂ X. Then it is an effective Cartier
divisor on X/S. We are interested in parameterizing certain kinds of geometric
objects over X with logarithmic singularities along D¯ such as parabolic connections
or parabolic Higgs fields. We generalize these notions by enhancing a Λ-module over
X with an additional parabolic structure over D¯.
Definition 2.4 (Family of parabolic vector bundles). A family of parabolic vector
bundles over (C,D) parameterized by S is a vector bundle E over C × S together
with a weighted flag on E|{x}×S for each x ∈ D called parabolic structure, i.e., a
filtration
E|{x}×S = Ex,1 ) Ex,2 ) · · · ) Ex,lx ) Ex,lx+1 = 0
by sub-vector bundles over {x} × S and a system of real weights 0 ≤ αx,1 < · · · <
αx,lx < 1.
We call parabolic type of (E,E•) to the system of weights α = {αx,i} together with
the set of ranks r = {rx,i}, rx,i = rk(E|{x}×S/Ex,i). A parabolic structure is said to
be full flag if lx = rk(E|x) for every parabolic point.
Providing such a filtration on the fibers E|{x}×S is equivalent to giving a weighted
filtration of E by subsheaves of the form
E = E1x ) E
2
x ) · · · ) E
lx
x ) E
lx+1
x = E(−{x} × S)
where for every x ∈ D and every i = 1, . . . , lx, E
i
x is the sheaf fitting in the following
short exact sequence
0 −→ Eix −→ E −→ E|{x}×S/Ex,i −→ 0
Equivalently [MY92, Definition 1.2] we can codify the parabolic structure of a
parabolic vector bundle over each parabolic point x ∈ D as a left continuous real
decreasing filtration of sub-sheafs Ex,α of E such that
(1) For every x ∈ D and every α ∈ R, Ex,α is coherent and flat over S.
(2) Ex,0 = E
(3) For every α ∈ R, Ex,α+1 = Ex,α(−{x} × S)
Definition 2.5 (Parabolic Λ-module). Let Λ be a sheaf of rings of differential op-
erators over X = C × S such that Λ|D is a locally free OD-module. A parabolic
Λ-module over X is a locally free Λ-module E over X flat over S together with a
weighted flag on E|{x}×S for each x ∈ D called parabolic structure, i.e., a filtration
E|{x}×S = Ex,1 ) Ex,2 ) · · · ) Ex,lx ) Ex,lx+1 = 0
by sub-vector bundles over {x} × S and a system of real weights 0 ≤ αx,1 < · · · <
αx,lx < 1, such that for every x ∈ D the filtration Ex,i is compatible with the Λ-
module structure in the following way. For each x ∈ D let
E = E1x ) E
2
x ) · · · ) E
lx
x ) E
lx+1
x = E(−{x} × S)
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be the induced filtration of E by subsheaves given by
0 −→ Eix −→ E −→ E|{x}×S/Ex,i −→ 0
Then the image of Λ ⊗ Eix under the morphism Λ ⊗ E −→ E lies in E
i
x for every
i = 1, . . . , lx + 1.
If f : T → S is any S-scheme, a family of parabolic Λ-modules over X parametrized
by T , is a parabolic f∗Λ-module E over C × T .
If (E,E•) is a parabolic Λ-module and F ⊆ E is a vector bundle preserved by
Λ, then the parabolic structure E• induces a structure of parabolic Λ-module on F ,
taking the filtration
Fx,• = Ex,i ∩ F |{x}×S
for every x ∈ D. As Ex,1 = E|{x}×S and F ⊆ E, it is clear that F• = {Fx,i} defines
a parabolic structure on F . Moreover, Ex,i and F are preserved by Λ, so F• is
preserved by Λ and (F,F•) is a parabolic sub-Λ-module.
We will introduce some notation for the basic numerical invariants of a parabolic
Λ-module. Let E be a coherent sheaf over X. The Hilbert polynomial of E is
PE(n) = χ(E(n)). By Riemann-Roch theorem, if X = C × S
PE(n) = deg(E) + rk(E)(n + 1− g)
.
Definition 2.6. We define the parabolic degree of a parabolic Λ-module (E,E•) as
the parabolic degree of the underlying parabolic vector bundle
pardeg(E,E•) := deg(E) +
∑
x∈D
lx∑
i=1
αx,i (rk(Ex,i)− rk(Ex,i+1))
We will call the last summand of the previous expression the parabolic weight of
(E,E•),
wt(E,E•) = pardeg(E,E•)− deg(E) =
∑
x∈D
lx∑
i=1
αx,i (rk(Ex,i)− rk(Ex,i+1))
Moreover, we will write for each x ∈ D
wtx(E,E•) =
lx∑
i=1
αx,i (rk(Ex,i)− rk(Ex,i+1))
so wt(E,E•) =
∑
x∈D wtx(E,E•). In order to simplify the notation, if the parabolic
structure is clear from the context, we may write pardeg(E), wt(E) and wtx(E) to
denote the parabolic degree, weight and weight at a point respectively.
Definition 2.7. We define the parabolic slope of (E,E•) as
par-µ(E) =
pardeg(E)
rk(E)
=
deg(E) + wt(E)
rk(E)
in order to simplify the notation in subsequent sections, we will write η(E) = wt(E)rk(E) .
We also define the parabolic Euler characteristic of (E,E•) as
par-χ(E) = χ(E) + wt(E)
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The polynomial par-PE(m) := par-χ(E(m)) is called the parabolic Hilbert polynomial
of (E,E•). Clearly, we can express the polynomial in terms of the Hilbert polynomial
of the underlying sheaf E
par-PE(m) = PE(m) + wt(E)
Definition 2.8 (Slope stability for parabolic Λ-modules). A parabolic Λ-module
E over C is said to be (semi-)stable if for every sub-Λ-module F with the induced
parabolic structure and 0 < rk(F ) < rk(E)
par-µ(F )(≤) < par-µ(E)
Let p, q ∈ R[x]. By p() ≺ q, we mean that there exists an integer M such that
for every m ≥M
p(m)(≤) < q(m)
Lemma 2.9 (Gieseker stability for parabolic Λ-modules). A parabolic Λ-module
over C is (semi-)stable if and only if for every sub-Λ-module F with 0 < rk(F ) <
rk(E) and the induced parabolic structure
par-PF
rk(F )
() ≺
par-PE
rk(E)
Proof. By Riemann-Roch Theorem, for every m
par-PE(m) = PE(m)+wt(E) = χ(E(m))+wt(E) = deg(E)+rk(E)(m+1−g)+wt(E)
Therefore
par-PF (m)
rk(F ) (≤) <
par-PE(m)
rk(E) for every big enough m (and, in fact, for any
m) if and only if
par-µ(F ) +m+ 1− g =
deg(F ) + wt(F )
rk(F )
+m+ 1− g
(≤) <
deg(E) + wt(E)
rk(E)
+m+ 1− g = par-µ(E) +m+ 1− g
and this is equivalent to par-µ(F )(≤) < par-µ(E). 
Lemma 2.10. Let (E,E•) be a parabolic vector bundle and let (F,F•) be a parabolic
subsheaf such that par-µ(E,E•) = par-µ(F,F•). Then F has the induced parabolic,
structure, i.e., F• = E• ∩ F
Proof. As (F,F•) ⊆ (E,E•), then for every x ∈ D and i = 1, . . . , lx we have Fx,i ⊆
Ex,i ∩ F |x. We can rewrite the expression of the parabolic weight of F as
wtx(F,F•) =
lx∑
i=1
αx,i (dim(Fx,i)− dim(Fx,i+1))
=
lx∑
i=2
dim(Fx,i) (αx,i − αx,i−1)+α1 dim(Fx,1) =
lx∑
i=2
dim(Fx,i) (αx,i − αx,i−1)+α1 dim(F |x)
≤
lx∑
i=2
dim(F |x ∩Ex,i) (αx,i − αx,i−1) + α1 dim(F |x) = wtx(F,E• ∩ F )
Therefore
par-µ(F,F•) = µ(F )+
∑
x∈D
wtx(F,F•) ≤ µ(F )+
∑
x∈D
wtx(F,E•∩F ) = par-µ(F,E•∩F )
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As the parabolic weights are strictly increasing, αx,i − αx,i−1 > 0, the previous
inequalities only become equalities when dim(Fx,i) = dim(Ex,i ∩ F |x) for all x ∈ D
and all i = 1, . . . , lx. 
Lemma 2.11. Let (E,E•) be a parabolic sheaf and let T be a torsion subsheaf of
E. Let (E,E•) be the sheaf E = E/T with the induced parabolic structure Ex,i =
Ex,i/(Ex,i ∩ T |x). Then
par-µ(E,E•) ≥ par-µ(E,E•)
and for every m ∈ Z
h0(C,E(m)) + wt(E)
rk(E)
≥
h0(C,E(m)) + wt(E)
rk(E)
Proof. We have a short exact sequence
0 −→ T −→ E −→ E −→ 0
so
deg(E) = deg(E)− deg(T )
On the other hand, as torsion sheafs on a curve are supported in dimension 0
deg(T ) = h0(C, T )− h1(C, T ) = h0(C, T )
So deg(E) = deg(E)− h0(C, T ). Moreover, as T is torsion, rk(E) = rk(E).
Now let us consider the parabolic structure. For every x ∈ D and i = 1, . . . , lx
we have a short exact sequence
0 −→ Ex,i ∩ T |x −→ Ex,i −→ Ex,i =
Ex,i
Ex,i ∩ Tx
=
Ex,i + T |x
T |x
−→ 0
Now, taking quotients yields
dim
(
E|x
Ex,i
)
= dim
(
E|x/T |x
(Ex,i + T |x)/T |x
)
= dim
(
E|x
Ex,i + T |x
)
≥ dim
(
E|x
Ex,i
)
−dimT |x
As E and E have the same rank yields
dim(Ex,i) ≤ dim(Ex,i) + dim(T |x) = dim(Ex,i) + h
0(x, T |x)
Substituting in the weight formula we obtain
wtx(E) =
lx∑
i=2
dim(Ex,i)(αx,i − αx,i−1) + αx,1 dim(Ex,1)
≤
lx∑
i=2
dim(Ex,i)(αx,i−αx,i−1)+αx,1 dim(Ex,1)+h
0(x, Tx)
(
αx,1 +
lx∑
i=2
(αx,i − αx,i−1)
)
= wtx(E) + h
0(x, T |x)αx,lx ≤ wtx(E) + h
0(x, T |x)
and equality is only obtained if h0(x, T |x) = 0. Adding up and taking into account
that h0(C, T ) ≥
∑
x∈D h
0(x, T |x) yields
par-µ(E) =
deg(E) +
∑
x∈D wtx(E)
rk(E)
=
deg(E) − h0(C, T ) +
∑
x∈D wtx(E)
rk(E)
≤
deg(E) +
∑
x∈D(wtx(E)− h
0(x, T |x))
rk(E)
≤
deg(E) +
∑
x∈D wtx(E)
rk(E)
= par-µ(E)
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With regards to the second part of the lemma, from the short exact sequence
0 −→ T (m) −→ E(m) −→ E(m) −→ 0
we obtain a long exact sequence
0 −→ H0(C, T (m)) −→ H0(C,E(m)) −→ H0(C,E(m)) −→ H1(C, T (m))
As T is supported in dimension 0, we have H1(C, T (m)) = 0 and h0(C, T (m)) =
h0(C, T ), so
h0(C,E(m)) = h0(C,E(m)) − h0(C, T (m)) = h0(C,E(m)) − h0(C, T )
Now we can repeat the previous argument and we obtain the desired inequality.

Corollary 2.12. Let (E,E•) be a parabolic sheaf and let (F,F•) ⊆ (E,E•) be a
parabolic subsheaf. Let (F sat, F sat• ) be the saturation of F in E with the induced
parabolic structure from (E,E•). Then
par-µ(F,F•) ≤ par-µ(F
sat, F sat• )
If moreover if for some m ∈ Z we have h1(C,F (m)) = 0 then
h0(C,F (m)) + wt(F )
rk(F )
≤
h0(C,F sat(m)) + wt(F sat)
rk(F sat)
Proof. By Lemma 2.10 we may assume without loss of generality that F• is the
induced parabolic structure. For the first part of the corollary, let (Q,Q•) be the
sheaf E/F with the induced parabolic structure. Let (T, T•) be its torsion with the
induced parabolic structure and let (Q,Q•) be the torsion free sheaf Q = (E/F )/T
with the induced quotient parabolic structure. Then we have the following commu-
tative diagram of parabolic sheaves
0

0

(T, T•)

0 // (F,F•) //

(E,E•) // (Q,Q•) //

0
0 // (F ,F •) //

(E,E•) // (Q,Q•) //

0
(T, T•)

0
0
Where the two rows and columns are exact, so we have
pardeg(F ) = pardeg(E)− pardeg(Q)
pardeg(F ) = pardeg(E)− pardeg(Q)
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On the other hand, by the previous lemma, we know that pardeg(Q) ≥ pardeg(Q).
Substituting yields
pardeg(F ) = pardeg(F ) + pardeg(Q)− pardeg(Q) ≥ pardeg(F )
As rk(F ) = rk(F ) we obtain par-µ(F ) ≤ par-µ(F ).
For the second part of the lemma, observe that from the short exact sequence
0 −→ F (m) −→ F (m) −→ T (m) −→ 0
we obtain the long exact sequence
0 −→ H0(C,F (m)) −→ H0(C,F (m)) −→ H0(C, T (m)) −→ H1(C,F (m)) = 0
Therefore
h0(C,F (m)) = h0(C,F (m)) + h0(C, T (m)) = h0(C,F (m)) + h0(C, T )
On the other hand, consider the following commutative diagram of sheaves, where
the rows and columns are exact
0

0

0

0 // F ix
//

F
i
x
//

T ix
//

0
0 // F //

F //

T //

0
F |x/Fx,i

F |x/F x,i

T |x/Tx,i

0 0 0
Then by the snake lemma we obtain
0 −→ F |x/Fx,i −→ F |x/F x,i −→ T |x/Tx,i −→ 0
As dim(F |x) = dim(F |x), yields
dim(F x,i) = dim(Fx,i)− dim(T |x) + dim(Tx,i) ≥ dim(Fx,i)− h
0(x, T |x)
Now we can proceed as in the second part of the previous Lemma and the desired
inequality follows. 
We provide some insight on the structure of the sub-sheafs of a parabolic Λ-
module. First of all, the following Lemma allows us to construct saturated parabolic
subsheafs of a parabolic Λ-module which are preserved by Λ from any subsheaf.
Lemma 2.13. Let (E,E•) be a parabolic Λ-module of rank r on X. Suppose that
F ⊂ E is a subsheaf. Then the subbundle Im(Λr ⊗ F → E)
sat with the induced
parabolic structure is a parabolic sub-Λ-module.
Proof. By [Sim94, Lemma 3.2], G := Im(Λr ⊗ F → E)
sat is a subbundle of E
preserved by Λ. As (E,E•) is a parabolic Λ-module, for every parabolic point x ∈ D,
the filtration Ex×S,i is preserved by Λ. As G is preserved by Λ, the induced filtration
Gx,i = G|x×S ∩ Ex,i is preserved by Λ, so (G,G•) is a parabolic sub-Λ-module of
(E,E•). 
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Theorem 2.14 (Harder-Narasimhan filtration). Suppose that (E,E•) is a parabolic
Λ-module on C. There is a unique filtration by parabolic sub-Λ-modules called the
Harder-Narasimhan filtration
0 = (E0, E0,•) ( (E1, E1,•) ( . . . ( (El, El,•) = (E,E•)
such that the parabolic quotients (Ei/Ei−1, Ei,•/Ei−1,•) are semistable Λ-modules
with strictly decreasing parabolic slopes.
Proof. The set of possible slopes of a subsheaf of E is bounded from above. As
the set of possible values of the weight of a parabolic sub-sheaf is finite, the set of
possible parabolic slopes of parabolic sub-Λ-modules (F,F•) is bounded from above.
Let par-µΛmax(E) be the maximum parabolic slope of a sub-Λ-module of (E,E•).
Let (F,F•) be a sub-Λ-module such that par-µ(F ) = par-µ
Λ
max(E). Repeating the
argument in Lemma 2.10 yields that as F attains the maximum parabolic slope then
F must have the induced parabolic structure. Moreover, its saturation (F sat, F sat• ) is
preserved by Λ and has a greater parabolic slope, so F must be saturated. The rank
of F is bounded, so we can choose a saturated parabolic sub-Λ-module (E1, E1,•)
with par-µ(E1) = par-µ
Λ
max(E) and maximum rank among those satisfying that
condition.
We take (E1, E1,•) as the first step of the Harder-Narasimhan filtration and build
the rest of it inductively by applying the previous method to (E/E1, E•/E1,•). 
A completely analogous proof to the previous one gives us the following theorem.
Theorem 2.15 (Jordan-Ho¨lder filtration). Let (E,E•) be a semistable parabolic
Λ-module on C over C. There is a unique filtration by sub-Λ-modules called the
Jordan-Ho¨lder filtration
0 = (E0, E0,•) ( (E1, E1,•) ( . . . ( (El, El,•) = (E,E•)
such that the parabolic quotients (Ei/Ei−1, Ei,•/Ei−1,•) are stable Λ-modules with
strictly decreasing parabolic slopes.
We say that two semistable parabolic Λ-modules (E,E•) and (E
′, E′•) are S-
equivalent if Gr(E,E•) ∼= Gr(E
′, E′•), i.e., if they have isomorphic Jordan-Ho¨lder
filtrations.
Let S be a complex scheme and let T be a scheme over S. We denote by XT =
X×S T the base change of X to T and by ΛT the base change of Λ to T . By [Sim94,
Lemma 2.6] it is a sheaf of rings of differential operators on XT . In particular, if
Spec(C) ∼= s→ S is any geometric point, we denote by Xs the fiber of X over s and
by Λs the base change of Λ to s, which it is a sheaf of rings of differential operators
on Xs.
Definition 2.16. A parabolic Λ-module (E,E•) on X = C × S is (semi-)stable if
the restrictions (E|Xs , E•|Xs) to the geometric fibers Xs are (semi-)stable parabolic
Λs-modules for every geometric point s of S, all of them with the same Hilbert
polynomial and parabolic type.
Finally, we recall the following notion of “almost” stability due to Maruyama
[Mar81]
Definition 2.17. A coherent sheaf E on X is said to be of type b, for some b ∈ R
if for every subsheaf F ( E,
µ(F ) ≤ µ(E) + b
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3. Boundedness theorems
Themain result proven in this section is the boundedness of the family of semistable
parabolic Λ-modules over C × S with fixed Hilbert polynomial and parabolic type.
In order to do so, we prove that every semistable parabolic Λ-module is of type b
for a certain uniform b. Then we use Simpson’s theorems on Mumford-Castelnuovo
regularity for bounded families of sheafs to provide uniform bounds for the regu-
larity of semistable parabolic Λ-modules. Additionally, we find numerical bounds
for the number of sections of twists of subsheafs of semistable parabolic Λ-modules.
Finally, we obtain some sharper inequalities for the Hilbert polynomial of certain
subsheafs of a semistable parabolic Λ-module.
Before introducing the main boundedness theorem, we shall prove two previous
technical lemmas.
Lemma 3.1. Let (E1, E1,•) and (E2, E2,•) be parabolic vector bundles over X. For
every parabolic vector bundle (E,E•), let par-µmin(E,E•) denote the minimum par-
abolic slope of a parabolic quotient of E. Then
par-µmin(E1 ⊕ E2, E1,• ⊕ E2,•) = min(par-µmin(E1, E1,•),par-µmin(E2, E2,•))
Proof. Let πi be the canonical projection of E1⊕E2 to Ei. As every quotient of Ei
is a quotient of E1 ⊕ E2, if (Fi, Fi,•) is a parabolic quotient of (Ei, Ei,•) such that
par-µ(Fi) = par-µmin(Ei), then
par-µmin(E1 ⊕ E2, E1,• ⊕ E2,•) ≤ par-µ(Fi, Fi,•) = par-µmin(Ei, Ei,•)
Therefore
par-µmin(E1 ⊕ E2, E1,• ⊕ E2,•) ≤ min(par-µmin(E1, E1,•),par-µmin(E2, E2,•))
Let us prove that the opposite inequality holds. Let f : E1⊕E2 ։ F be a parabolic
quotient such that par-µ(F ) = par-µmin(E1⊕E2). By Lemma 2.10 F has the induced
parabolic structure F• = f(E1,• ⊕E2,•). Consider the following exact commutative
diagram of parabolic sheafs with the induced parabolic structures.
0 // E1
i1 //
f

E1 ⊕ E2
pi2 //
f

E2 // 0
0 // f(E1)
i // F // F/f(E1) // 0
We have
F/f(E1) =
f(E1 ⊕ E2)
f(E1)
=
f(E1) + f(E2)
f(E1)
∼=
f(E2)
f(E1) ∩ f(E2)
and for every x ∈ D and every i = 1, . . . , lx
Fx,i
f(E1|x) ∩ Fx,i
=
f(E1,x,i ⊕ E2,x,i)
f(E1|x) ∩ Fx,i
=
f(E1,x,i) + f(E2,x,i)
f(E1|x) ∩ Fx,i
=
f(E2,x,i)
f(E1|x) ∩ f(E2,x,i)
Therefore, (F/f(E1), F•/f(E1)) is a parabolic quotient of (E2, E2,•). On the other
hand for every x ∈ D and i = 1, . . . , lx
Fx,i∩f(E1)|x = (f(E1,x,i) + f(E2,x,i))∩f(E1)|x = f(E1,x,i)+f(E2,x,i)∩f(E1)|x ⊇ f(E1,x,i)
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so f(E1) with the induced parabolic structure by (F,F•) is a parabolic quotient of
(E1, E1,•). Finally, the second row is exact, so
par-µ(F,F•) ≥ min (par-µ(f(E1), F• ∩ f(E1)),par-µ(F/f(E1), F•/f(E1)))
≥ min(par-µmin(E1, E1,•),par-µmin(E2, E2,•))

Corollary 3.2. If E is a parabolic vector bundle over X then for every finite di-
mensional complex vector space V
par-µmin(E) = par-µmin(V ⊗C E)
Proof. Inductively apply the previous lemma taking E1 = E
⊕n and E2 = E for
1 ≤ n ≤ dimV − 1. 
Lemma 3.3. Let (E,E•) be a semistable parabolic Λ-module, and let (F,F•) be a
parabolic sub-bundle of (E,E•) with the induced parabolic structure. Let (Gi, Gi, •)
denote the image of the morphism of parabolic sheaves Λi ⊗ F → E. Observe that
as F• = E• ∩ F , then
Gi,• = Λi · F• = Λi · (E• ∩ F ) = (Λi ·E•) ∩Gi = E• ∩Gi
so G has the induced parabolic structure. For i = i, . . . , r, consider the quotient
parabolic sheaf Qi = Gi/Gi−i with the induced parabolic structure. Then for i =
1, . . . , r there exists a surjective morphism of parabolic sheaves
ϕi : Gr1(Λ) ⊗OX (Qi, Qi,•)։ (Qi+1, Qi+1,•)
and a surjective morphism of parabolic sheaves
ϕ0 : Gr1(Λ)⊗OX (F,F•)։ (Q1, Q1,•)
Proof. By Lemma 2.2, Λ1 · Λi = Λi+1 for all i, so
Λ1 ·Gi = Λ1 · Λi · F = Λi+1 · F = Gi+1
As the previous equation also holds for the corresponding parabolic filtrations, we
obtain a surjective morphism of parabolic sheaves
Λ1 ⊗ (Gi, Gi,•)։ (Gi+1, Gi+1,•)։ (Qi+1, Qi+1,•)
To prove the lemma it is enough to show that the previous morphism factors through
the corresponding quotients. Let U ⊆ X be any open subset. Let λ1, λ2 ∈ Λ1(U)
such that λ2−λ1 = x, for some x ∈ Λ0(U). Let v1, v2 ∈ Gi(U) such that v2−v1 = w
for some w ∈ Gi−1(U). Then yields
ϕi([λ2], [v2]) = [λ2 · v2] = [(λ1 + x) · (v1 + w)] = [λ1 · v1] + [x · v2 + λ1 · w]
By hypothesis
x · v2 ∈ Λ0(U) ·Gi(U) = Λ0(U) · Λi(U) · F (U) = Λi(U) · F (U) = Gi(U)
λ1 · w ∈ Λ1(U) ·Gi−1(U) = Gi(U)
Therefore, x · v2 + λ1 · w ∼= 0 mod Gi(U) and we get that ϕi([λ2], [v2]) =
ϕi([λ1], [v1]). The given argument also holds for any of the steps of the para-
bolic filtration, so we get a morphism of parabolic sheafs. The proof of the sec-
ond part is immediate from the previous computation taking into account that
G0 = Λ0 · F = F . 
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Lemma 3.4. The set of semistable parabolic Λ-modules over C with a fixed Hilbert
polynomial P and fixed parabolic type is bounded.
Proof. Let (E,E•) be a semistable parabolic Λ-module, and let (F,F•) be a parabolic
subsheaf of maximum parabolic slope. By Lemma 2.10, F• is the induced parabolic
structure. Let r be the rank of E. As in the previous Lemma, let (Gi, Gi,•) be the
image of Λi ⊗ F → E, for i = 1, . . . , r. Let us denote by (G,G•) the saturation of
(Gr, Gr,•). By Lemma 2.13, (G,G•) is a parabolic sub-Λ-module, so
par-µ(Gr) ≤ par-µ(G) ≤ par-µ(E)
By the previous Lemma, for every i = 1, . . . , r − 1 there exists a surjection of
parabolic sheaves
Gr1(Λ)⊗OX (Qi, Qi,•)։ (Qi+1, Qi+1,•)
By Serre’s vanishing Lemma, there exists an m ∈ Z such that Gr1(Λ) ⊗ OX(m)
is generated by global sections. Let V = H0(Gr1(Λ) ⊗ OX(m)). Then we have a
surjection
(3.1) V ⊗C OX(−m)⊗OX (Gi/Gi−1)։ (Gi+1/Gi)
Let (Ri, Ri,•) be a parabolic quotient of (Gi, Gi,•) such that par-µ(Ri) = par-µmin(Gi).
Then it has the induced parabolic structure and (Ri, Ri,•) is a semistable parabolic
sheaf, because a destabilizing sheaf for (Ri, Ri,•) would lead to a parabolic quo-
tient (Ri, Ri,•) ։ (R
′
i, R
′
i,•) with less parabolic slope. As any parabolic quotient
of (Ri, Ri,•) is a parabolic quotient of (Gi, Gi,•), (R
′
i, Ri,•′) would be a quotient
of (Gi, Gi,•) with less parabolic slope than (Ri, Ri,•), contradicting the minimality
assumption.
For each 0 ≤ i < r, if (Ri+1, Ri+1,•) has a nontrivial parabolic subsheaf (H,H•)
which is a parabolic quotient of (Gi, Gi,•), then by semi-stability of (Ri+1, Ri+1,•),
par-µ(H) ≤ par-µ(Ri+1) = par-µmin(Gi+1). On the other hand, as (H,H•) is a
parabolic quotient of (Gi, Gi,•),
par-µmin(Gi) ≤ par-µ(H) ≤ par-µmin(Gi+1)
Otherwise, let H = Im(Gi →֒ Gi+1 ։ Ri+1) with the induced parabolic struc-
ture. It is a parabolic subsheaf of (Ri+1, Ri+1,•) which is a quotient of (Gi, Gi,•), so
H = 0. Then, (Ri+1, Ri+1,•) is a parabolic quotient of (Qi+1, Qi+1,•). If i > 0, sur-
jection (3.1) implies that (Ri+1, Ri+1,•) is a parabolic quotient of V ⊗COX(−m)⊗OX
(Qi, Qi,•). Therefore, we get a parabolic quotient
V ⊗C Gi ։ V ⊗C (Qi, Qi,•)։ (Ri+1(m), Ri+1,•(m))
By Corollary 3.2,
par-µmin(Gi) = par-µmin(V ⊗C Gi) ≤ par-µ(Ri+1(m)) =
par-µ(Ri+1) +m = par-µmin(Gi+1) +m
For i = 0, from the Lemma we get a surjection
V ⊗C OX(m)⊗OX (F,F•)։ (Q1, Q1,•)
so by the same argument par-µmin(F ) ≤ par-µmin(G1)+m. Combining all the previ-
ous inequalities for i = 0, . . . , r−1, we conclude that par-µmin(F ) ≤ par-µmin(Gr)+
rm ≤ par-µ(E) + rm. As (F,F•) is the parabolic subsheaf with maximum para-
bolic slope, every parabolic quotient of (F,F•) must have bigger or equal parabolic
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slope, so par-µ(F ) ≤ par-µmin(F ) ≤ par-µ(E) + rm. Therefore, for every para-
bolic subsheaf (F ′, F ′•) ⊆ (E,E•), µ(F
′) + wt(F ′) ≤ par-µ(F ) ≤ par-µ(E) + rm =
µ(E) + wt(E) + rm. As wt(F ′) ≥ 0 for all parabolic sheafs, yields
µ(F ′) ≤ µ(E) + rm+wt(E) −wt(F ′) ≤ µ(E) + rm+wt(E)
Every subsheaf F ′ ⊆ E can be given the induced parabolic structure, so the previous
inequality proves that there exists a number b ∈ R such that for every semistable
parabolic Λ-module (E,E•) over X flat over S of rank r and the given parabolic
type and every subsheaf F ′ ⊆ E, µ(F ′) ≤ µ(E) + b. By [Mar81, Theorem 2.6], the
set of sheaves underlying a semistable parabolic Λ-module with Hilbert polynomial
P and the given parabolic structure is bounded. Given one such sheaf, the parabolic
Λ-module structure is uniquely determined by a suitable element of Fl(E|{x}×S) for
each x ∈ D, and a morphism Hom(Λ1⊗OX E,E), so the set of semistable parabolic
Λ-modules is bounded. 
We can extend the previous lemma to the relative case.
Lemma 3.5. The set of semistable parabolic Λ-modules over X = C × S with a
fixed Hilbert polynomial P and fixed parabolic type is bounded.
Proof. By [Sim94, Proposition 3.5], the number m ∈ Z fixed in the previous proof
can be chosen so that it works uniformly over all geometric points s ∈ S. Therefore,
the upper bound on µ(E) − µ(F ) in the previous Lemma holds over every s ∈ S.
Then the boundedness is a consequence of [Sim94, Theorem 1.1]. 
Given a sheaf F on X flat over S, if π : X → S then we write
H i(X/S,F ) = Riπ∗F
Corollary 3.6. Let X = C×S. There exists an integer N depending only on X, P
and the parabolic weights such that for every S-scheme S′, every n ≥ N and every
semistable parabolic Λ-module (E,E•) over X
′ := C × S′
(1) For all i > 0 H i(X ′/S′, E(n)) = 0
(2) The morphism
H0(X ′/S′, E(n)) ⊗OS′ OX′(−n)→ E
is surjective.
(3) Hp(X ′/S′, E(n)) is locally free over S′ and commutes with base change, in
the sense that if f : S′′ → S′ is an S-morphism, then
f∗H0(X ′/S′, E(n)) ∼= H0(C × S′′/S′′, f∗E(n))
Proof. It holds as a consequence of the previous boundedness Lemma and [Sim94,
Lemma 1.9]. 
Now we will introduce some Lemmas providing bounds on the cohomology of
semistable parabolic Λ-modules and its subsheafs.
Lemma 3.7. There exists a number B ∈ R depending on e, r and X such that if
E is a torsion free sheaf of type e and rank r on a fiber Xs, then for all k
h0(Xs, E(k)) ≤ r [(µ(E) + k +B)]
+
where [a]+ = max(a, 0) for a ∈ R.
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Proof. Let 0 = F0 ( F1 ( . . . ( Fl = E be the Harder-Narasimhan filtration of E
as a sheaf over Xs. As E is of type e, then for every i = 1, . . . , l,
µ (Fi/Fi−1) ≤ µ(E) + e
On the other hand, as Fi/Fi−1 are semistable torsion free sheafs on Xs, by [Sim94,
Lemma 1.7], there exists a number Bri depending only on ri := rk(Fi/Fi−1), such
that
h0 (Xs, (Fi/Fi−1) (k)) ≤ rk (Fi/Fi−1) [µ (Fi/Fi−1) + k +Bri ]
+
As the set of possible ranks for Fi/Fi−1 is bounded, taking B
′ = maxk=1,...,r(Bk),
yields
h0 (Xs, (Fi/Fi−1) (k)) ≤ rk (Fi/Fi−1)
[
µ (Fi/Fi−1) + k +B
′
]+
≤ rk (Fi/Fi−1)
[
µ(E) + e+ k +B′
]+
for every i = 1, . . . , l. Therefore
h0(Xs, E(k)) ≤
l∑
i=1
h0 (Xs, (Fi/Fi−1) (k)) ≤
l∑
i=1
rk (Fi/Fi−1)
[
µ(E) + e+ k +B′
]+
As
∑l
i=1 rk (Fi/Fi−1) = r, taking B = e+B
′ we obtain the desired bound. 
Corollary 3.8. There exists a number B ∈ R depending on Λ, r, the parabolic type
and X such that if E is a semistable parabolic Λ-module of rank r and the given
parabolic type on a geometric fiber Xs, then for all k
h0(Xs, E(k)) ≤ r [(µ(E) + k +B)]
+
where [a]+ = max(a, 0) for a ∈ R.
Proof. By Lemma 3.5, the set of coherent sheaves underlying a semistable parabolic
Λ-module of the given parabolic type over a geometric fiber Xs is contained in the
set of coherent sheaves of type b, for some number b depending only on Λ, r, the
parabolic type and X. Then, the results yields as a consequence of the previous
Lemma. 
Now, we provide an extension on Corollary 3.6 allowing us find uniform bounds
for the Serre vanishing theorem on destabilizing subsheafs of any given parabolic
Λ-module.
Lemma 3.9. Let b, e ∈ R. There exists an integer N depending only on b, e, r and
X such that if E is a torsion free sheaf of type e and slope µ(E) ≥ b on a geometric
fiber Xs then for every n ≥ N
(1) h1(Xs, E(n)) = 0
(2) E(n) is generated by global sections.
Proof. Let E be a torsion free sheaf of type e and slope µ(E) ≥ b on Xs. Let us
prove that K ⊗ E∨ is of type e′ for some e′ depending only on r and the genus g
of Xs, where K is the canonical bundle on Xs. Let F be a subsheaf of K ⊗ E
∨ of
maximum slope. In particular, F must be saturated. As both sheaves are torsion
free, taking duals, K∨⊗F∨ is a quotient of E. Let G be the kernel of the quotient.
0 // F // K ⊗ E∨
0 // G // E // K∨ ⊗ F∨ // 0
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E is of type e, so
deg(G) ≤ rk(G)µ(E) + rk(G)e
On the other hand, by additivity of the degree
deg(K∨ ⊗ F∨) = deg(E)− deg(G) ≥ deg(E)− rk(G)µ(E) − rk(G)e
Dividing by the rank and taking into account that rk(K∨⊗F∨) = rk(F ) = rk(E)−
rk(G) yields,
µ(K∨⊗F∨) ≥
rk(E)
rk(F )
µ(E)−
rk(G)
rk(F )
µ(E)−
rk(G)
rk(F )
e = µ(E)−
rk(G)
rk(F )
e ≥ µ(E)−rk(E)e
Computing the slope of the left hand side results in
µ(E)− rk(E)e ≤ µ(K∨ ⊗ F∨) = µ(F∨)− 2(g − 1) = −µ(F )− 2(g − 1)
Therefore
µ(F ) ≤ −µ(E) + rk(E)e − 2(g − 1)
= µ(K ⊗ E∨) + rk(E)e+ 2(g − 1)− 2(g − 1) = µ(K ⊗ E∨) + rk(E)e
Taking e′ = rk(E)e we get that K ⊗ E∨ is of type e′.
By Lemma 3.7 there exists a number B depending only on e′, r and X such that
for every n, h0(Xs,K ⊗E
∨(−n)) = 0 if 0 ≥ µ(K ⊗E∨)− k+B = 2 rk(E)(g − 1)−
µ(E)−n+B. As µ(E) ≥ b, if we fix an N such that 0 ≥ 2 rk(E)(g−1)− b−N +B,
then for every n ≥ N
0 ≥ 2 rk(E)(g − 1)− b−N +B ≥ 2 rk(E)(g − 1)− µ(E)− n+B
so for every n ≥ N , h1(Xs, E(n)) = h
0(Xs,K ⊗ E
∨(−n)) = 0. This yields the
desired bound for the first part of the lemma. As the dimension of Xs is 1, (i) is
equivalent to E being (N + 1)-regular in the sense of Mumford-Castelnuovo. By
[HL96, Lemma 1.7.2], E(n) is generated by global sections for every n ≥ N +1. 
Corollary 3.10. There exists an integer N depending on Λ, P , the parabolic type
and X such that for every n ≥ N , and every parabolic Λ-module (E,E•) over a
geometric fiber Xs with Hilbert polynomial P and fixed parabolic type, if (F,F•) is a
parabolic sub-Λ-module of (E,E•) with maximum slope then
(1) h1(Xs, F (n)) = 0
(2) F (n) is generated by global sections. In particular
H0(Xs, F (n)) ⊗OXs(−n) −→ F
is surjective.
Proof. Let r denote the rank of any (and therefore all) of the considered parabolic
Λ-modules E. Let (F,F•) a parabolic sub-Λ-module with maximum slope. Then
it is semistable as a parabolic Λ-module. In particular, it is a torsion free sheaf of
type b for the constant b given by Lemma 3.5 such that par-µ(F ) ≥ par-µ(E). The
set of possible values of wt(F ) is bounded, as
wt(F ) =
∑
x∈D
∑
i∈αF,x
αx,i
rk(F )
≤
∑
x∈D
lx∑
i=1
αx,i
where αF,x is the set of indexes i ∈ {1, . . . , lx} such that Ex,i ∩ F |{x}×S 6= Ex,i+1 ∩
F |{x}×S . Calling wtmax to the right hand side of the inequality, yields
µ(F ) ≥ par-µ(E) − wt(F ) ≥ par-µ(E) −wtmax
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By the previous Lemma, there exists an integer Nrk(F ) depending only on b, par-µ(E)−
wtmax, rk(F ) and X such that for n ≥ Nrk(F ), F (n) is acyclic and it is generated by
global sections. As 0 < rk(F ) ≤ r, it is enough to take N = maxri=1(Ni). 
Now we will provide some sharp inequalities for the Hilbert polynomials of sub-
sheafs of a semistable parabolic Λ-module. Let (E,E•) be any Λ-module over a
geometric fiber Xs and (F,F•) be a subsheaf. If (E,E•) is semistable and (F,F•) is
preserved by Λ, semi-stability condition implies that for every n
h0(Xs, F (n))− h
1(Xs, F (n))
rk(F )
+ η(F ) =
PF (n)
rk(F )
+ η(F ) ≤
PE(n)
rk(E)
+ η(E)
We will prove that for big enough n the previous inequality can be sharpened by
removing the term h1(Xs, F (n)). The equality case for the sharpened inequality will
be analyzed.
Finally, we will prove an inequality implying that if E(n) is generated by global
sections and the previous inequality is strict then there exists a uniform lower bound
for the difference between its right hand side and its left hand side.
Lemma 3.11. There exists an integer N such that for every n ≥ N if (E,E•) is
a semistable parabolic Λ-module with Hilbert polynomial P and fixed parabolic type,
then for every parabolic subsheaf (F,F•) ( (E,E•) such that its saturation is a
parabolic sub-Λ-module and every n ≥ N
h0(Xs, F (n))
rk(F )
+ η(F ) ≤
PE(n)
rk(E)
+ η(E)
Moreover, if equality holds for some n ≥ N then F is saturated and we have
h1(Xs, F (n)) = 0.
Proof. Let (F,F•) ( (E,E•) be a parabolic subsheaf. Without loss of generality
we can assume that F has the induced parabolic structure. Let 0 = G0 ( G1 (
. . . ( Gl = F be the Harder-Narasimhan filtration of F as a subsheaf of E. For
every i = 1, . . . , l, Gi/Gi−1 is a semistable sheaf, so, as before, there exist integers
Bri depending only on ri := rk (Gi/Gi−1) and X such that for every n and every
i = 1, . . . , l
h0 (Xs, (Gi/Gi−1) (n)) ≤ rk (Gi/Gi−1) [µ (Gi/Gi−1) + n+Bri ]
+
Let B = mink=1,...,r Bk. Then for every i yields
(3.2) h0(Xs, F (n)) ≤
l∑
i=1
h0 (Xs, (Gi/Gi−1) (n)) ≤
l∑
i=1
ri [µ (Gi/Gi−1) + n+B]
+
As (E,E•) is a semistable parabolic Λ-module, by Lemma 3.5 there exists a number
b depending only on Λ, r, the parabolic type and X, such that µ (Gi/Gi−1) ≤
µ(E) + b. On the other hand, let ν(F ) = mini=1,...,l (µ (Gi/Gi−1)) = µ(G1). Then,
substituting the bounds in equation (3.2) and taking into account that r1 ≥ 1 and∑l
i=1 ri = rk(F ) yields
h0(Xs, F (n)) ≤ (rk(F )− 1) [µ(E) + b+ n+B]
+ + [ν(F ) + n+B]+
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Now, suppose that ν(F ) ≤ µ(E)−C for some C ≥ 0. Then for n ≥ C−µ(E)−B =
N1(C) we have
h0(Xs, F (n)) ≤ (rk(F )− 1)(µ(E) + b+ n+B) + µ(E)− C + n+B =
rk(F )(n + µ(E) +B) + (rk(F )− 1)b−C
Both rk(F ) and η(F ) are bounded uniformly over each choice of E and F . Therefore,
there exists C big enough so that for n ≥ C − µ(E)−B = N1(C)
h0(Xs, F (n)) ≤ rk(F )(n+µ(E)+B)+(rk(F )−1)b−C < rk(F )(n+1−g+par-µ(E)−η(F ))
Then for n ≥ N1(C)
h0(Xs, F (n))
rk(F )
+ η(F ) < n+ 1− g + par-µ(E) =
PE(n)
rk(E)
+ η(E)
Therefore, there exist positive numbers C and N1 = N1(C) depending only on
Λ, r, the parabolic type, P and X such that the Lemma holds for the given N1
for every subsheaf F such that ν(F ) ≤ µ(E) − C. Let us suppose that (F,F•) is
a parabolic subsheaf whose saturation is a parabolic sub-Λ-module and such that
ν(F ) ≥ µ(E)− C. As the slope is invariant under Jordan equivalence
µ(F ) = µ
(
r⊕
i=1
(Gi/Gi−1)
)
≥ ν(F ) ≥ µ(E)− C
Moreover, for every subsheaf G ( F ( E
µ(G) ≤ µ(E) + b ≤ µ(F ) + C + b
Therefore, F is a torsion free sheaf of type b+C with µ(F ) ≥ µ(E)−C. By Lemma
3.9, there exists an integer N2 depending on b + C, µ(E) − C and X, i.e., on Λ,
P , X and the parabolic type, such that for every n ≥ N2, h
1(Xs, F (n)) = 0. By
Corollary 2.12 for every such sheaf F
h0(Xs, F (n))
rk(F )
+ η(F ) ≤
h0(Xs, F
sat(n))
rk(F sat)
+ η(F sat)
so we may assume without loss of generality that F is a saturated sub-Λ-module.
As (F,F•) is a parabolic sub-Λ-module of (E,E•), by semi-stability, for n ≥ N2
h0(F (n))
rk(F )
+ η(F ) =
PF (n)− h
1(F (n))
rk(F )
+ η(F ) =
PF (n)
rk(F )
+ η(F ) ≤
PE(n)
rk(E)
+ η(E)
Then, it is enough to pick N = max(N1, N2) to get the first part of the result for
every parabolic sub-Λ-module. Now suppose that for some n ≥ N
h0(Xs, F (n))
rk(F )
+ η(F ) =
h0(Xs, F
sat(n))
rk(F sat)
+ η(F sat) =
PE(n)
rk(E)
+ η(E)
Then h0(Xs, F (n)) = h
0(Xs, F
sat(n)). By the choice of C through the proof, the
only option for equality to hold is that µ(F ) ≥ µ(E) − C, so F sat(n) is generated
by global sections. Therefore, F (n) is also generated by global sections and, hence,
F = F sat. By the choice of N , we know that
h1(Xs, F (n)) = h
1(Xs, F
sat(n)) = 0

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Lemma 3.12. Let us fix a certain parabolic type. Then there exists a real number
δ > 0 such that for every parabolic sheaf (E,E•) of Hilbert polynomial P of the given
parabolic type, if (F,F•) ( (E,E•) is a subsheaf such that
h0(Xs, F (n))
rk(F )
+ η(F ) <
h0(Xs, E(n))
rk(E)
+ η(E)
then
h0(Xs, F (n))
rk(F )
+ η(F ) + δ ≤
h0(Xs, E(n))
rk(E)
+ η(E)
Proof. The left and right side of the inequality are sums of rational numbers, so its
difference is a positive rational number p/q, with p, q > 0 coprime, whose denomina-
tor is at most the least common multiple of the denominators of all the summands
appearing in the expression. Therefore
h0(Xs, E(n))
rk(E)
+ η(E)−
h0(Xs, F (n))
rk(F )
− η(F )
≥
1
LCM{rk(F )qx,i, rk(E)qx,i}
≥
1
r!
∏
x∈D
∏lx
i=1 qx,i
where αx,i =
px,i
qx,i
with px,i ∈ Z
≥0 and qx,i ∈ Z
>0. 
4. Parametrizing scheme for parabolic Λ-modules
Given a scheme X over S, a coherent sheaf F over X and a polynomial P ,
let QuotX/S(F,P ) denote the Quot scheme of quotients of F over X flat over S
with Hilbert polynomial P . It is a projective scheme representing the moduli func-
tor QuotX/S(F,P ) : (SchS) −→ (Sets) that assigns each f : T → S the set of
quotients f∗F ։ Q over X ×S T flat over T with Hilbert polynomial P . Let
QuotLFX/S(F,P ) : (SchS) −→ (Sets) be the subfunctor of families of locally free quo-
tients, and let QuotLFX/S(F,P ) ⊆ QuotX/S(F,P ) be the open subscheme representing
such subfunctor.
Lemma 4.1. Let E and F be coherent sheafs over X flat over S such that there ex-
ists a surjective morphism p : E ։ F . Then p∗ : QuotX/S(F,P ) → QuotX/S(E,P )
is a closed embedding.
Proof. Let K = Ker(p). Let f : T → S and let (G,ψG) ∈ QuotX/S(E,P )(T ),
where ψG : f
∗E ։ G. As F is flat over S, Ker(f∗E → f∗F ) = f∗K. Then ψG
factors through the pullback of F if and only if the image of f∗K by the quotient
ψG : f
∗E ։ G is zero.
0

f∗K
 !!❉
❉
❉
f∗E

// G // 0
f∗F

==③
③
③
0
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Let (GE , ψE) be the universal quotient of QuotX/S(E,P ) and g : T → QuotX/S(E,P )
be the morphism corresponding to (G,ψG). Then (G,ψG) belongs to the image
of QuotX/S(F,P ) if and only if the pullback of π
∗
XK → GE by g is zero, where
πX : X ×S QuotX/S(E,P ) → X is the projection to the first factor. By [Yok93,
Lemma 4.3], there is a closed subscheme Z of QuotX/S(E,P ) such that the pullback
is zero if and only if g factors through Z. Therefore, the image of QuotX/S(F,P ) is
closed.
Let f ′ : T ′ → S be another S-scheme and let ϕ : T ′ → T be a morphism of
S-schemes. Let us prove that the following diagram is commutative.
QuotX/S(F,P )(T )
p∗

ϕ∗ // QuotX/S(F,P )(T
′)
p∗

QuotX/S(E,P )(T )
ϕ∗ // QuotX/S(E,P )(T
′)
An element of QuotX/S(F,P )(T ) is given as a quotient f
∗F ։ G over X ×S T ,
which is a quotient
f∗E ։ f∗F ։ G
As the pullback is right exact, its image by ϕ∗ is a quotient
ϕ∗f∗E // // ϕ∗f∗F // // ϕ∗G
f ′∗E // // f ′∗F
The pullback by ϕ of the composition f∗E → f∗F → G is the composition of the
pullbacks ϕ∗f∗E → ϕ∗f∗F → ϕ∗G, so we get that (p∗ ◦ ϕ∗)(G) = (ϕ∗ ◦ p∗)(G).
Therefore, p∗ induces a natural transformation QuotX/S(F,P ) → QuotX/S(E,P )
and p∗ is a closed embedding. 
Given schemes Xi → S for i = 1, . . . , n, let∏
S
n
i=1
Xi
denote the fiber product of the Xi over S.
Lemma 4.2. Let P be a fixed Hilbert polynomial, with leading coefficient r, and
let r = {rx,i} for x ∈ D, 1 < i ≤ lx be integers. Let F be a coherent sheaf
over X = C × S flat over S such that F |D is locally free. Let FQuot
LF
X/S(F,P, r)
be the functor that associates each S-scheme T the set of isomorphism classes of
pairs (E,E•) consisting on a locally free quotient sheaf E of the pullback of F over
XT = C × T flat over T with Hilbert polynomial PE = P and a filtration by sub-
bundles over T
E|{x}×T = Ex,1 ) Ex,2 ) . . . ) Ex,lx
for each x ∈ D such that for each 1 < i ≤ lx, rk(E|x×T /Ex,i) = rx,i. Then there is
a closed subscheme FQuotLFX/S(F,P, r) of
QuotLFX/S(F,P ) ×S
∏
S
x∈D
Grass(F |{x}×S , r)×S
∏
S
x∈D
∏
S
lx
i=2
Grass(F |{x}×S , rx,i)
over QuotLFX/S(F,P ) representing FQuot
LF
X/S(F,P, r).
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Proof. Let p : F → E be the universal quotient of Q := QuotLFX/S(F,P ), and let
πQ : Q→ S. Suppose that D consists on a single closed point x ∈ C. As E is locally
free and F |{x}×S is locally free, E|{x}×Q is a locally free quotient of π
∗
QF |{x}×Q
of rank r, so it represents a Q-point e : Q → Grass(F |{x}×S , r). Therefore, the
graph of e is a closed subscheme Q˜ of QuotLFX/S(F,P ) ×S Grass(F |{x}×S , r) over Q
corresponding to the family of pairs of a quotient sheaf E and its restriction to
{x} × S.
Now, we will prove the claim in the case D = {x} by induction on lx. We have
proven the result for lx = 1. Suppose that it is true for filtrations of length lx − 1.
Let r′ = {rx,3, . . . , rx,lx}. Then there exists a closed subscheme
FQuotLFX/S(F,P, r
′) ⊂ Q×S Grass(F |{x}×S , r)×S
∏
S
lx
i=3
Grass(F |{x}×S , rx,i)
over Q representing FQuotLFX/S(F,P, r
′). Let (E, {Ex,1, Ex,3, Ex,4, . . . , Ex,lx}) be the
universal filtered quotient of FQ′ = FQuotLFX/S(F,P, r
′).
Clearly, parameterizing filtrations E|{x}×T = Ex,1 ) . . . ) Ex,lx is the same as
parameterizing the corresponding subsequent quotients
E|{x}×T ։ E|{x}×T /E|x,lx ։ E|{x}×T /Ex,lx−1 ։ · · ·։ E|{x}×T /Ex,2
Therefore, to give a filtration E|{x}×T = Ex,1 ) . . . ) Ex,lx is the same as giving
a filtration E|{x}×T = Ex,1 ) Ex,3 ) . . . ) Ex,lx and a quotient E|{x}×T /E|x,3 =
Ex,1/Ex,3 ։ E|{x}×T /Ex,2 = Ex,1/Ex,2
Thus, the functor FQuotLFX/S(F,P, r) is represented by
FQ = FQ′ ×FQ′ Grass(Ex,1/Ex,3, rx,2) = Grass(Ex,1/Ex,3, rx,2)
Let us prove that this product embeds into the desired product of Grassmanians.
Let πFQ′ : FQ
′ → S. Ex,1/Ex,3 is a quotient of π
∗
FQ′F{x}×S over FQ
′, so by
previous lemma, FQ is a closed subscheme of Grass(π∗FQ′F |{x}×S , rx,2) over FQ
′.
By definition of the Grassmanian functor and the base change formula yields
FQ →֒ Grass(π∗FQ′F |{x}×S , rx,2)
∼= FQ′ ×S Grass(F |{x}×S , rx,2)
By induction hypothesis, there is a closed embedding over Q
FQ′ →֒ Q×S Grass(F |{x}×S , r)×S
∏
S
lx
i=3
Grass(F |{x}×S , rx,i)
so there exists a closed embedding over Q
FQ →֒ Q×S Grass(F |{x}×S , r)×S
∏
S
lx
i=2
Grass(F |{x}×S , rx,i)
Finally, let D = {x1, . . . , xM} be any finite set of points in C. It is clear that
FQuotLFX/S(F,P, {rxj ,i}) = FQuot
LF
X/S(F,P, {rx1,i})×Q· · ·×QFQuot
LF
X/S(F,P, {rxM ,i})
is a closed subspace of
Q×S
∏
S
x∈DGrass(F |{x}×S , r)×S
∏
S
x∈D
∏
S
lx
i=2
Grass(F |{x}×S , rx,i)
over Q which represents the functor FQuotLFX/S(F,P, {rxj ,i}). 
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Corollary 4.3. Let F be a coherent sheaf over X = C × S such that F |D is locally
free and let r = {rx,i} for x ∈ D, 1 < i ≤ lx be integers. Let Q→ Quot
LF
X/S(F,P ) be
any family of isomorphism classes of locally free quotient sheafs of F on X flat over
S. Let FQ(r) be the functor that associates each S-scheme T the set of isomorphism
classes of pairs (E,E•) consisting on a quotient π
∗F ։ E in Q(T ) and a filtration
by sub-bundles over T
E|{x}×T = Ex,1 ) Ex,2 ) . . . ) Ex,lx
for each x ∈ D such that for each 1 < i ≤ lx, rk(E|{x}×T ) = rx,i. Then there is a
closed subscheme FQ(r) of
Q×S
∏
S
x∈DGrass(F |{x}×S , r)×S
∏
S
x∈D
∏
S
lx
i=2
Grass(F |{x}×S , rx,i)
over Q representing FQ(r).
Proof. The proof is completely analogous to the previous one changing QuotLFX/S(F,P )
to the given family Q and the universal quotient by its pullback to Q. 
Grothendiek [Gro61] proved that the quot scheme QuotX/S(F,P ) is a projective
scheme over S by constructing an explicit embedding into a certain Grassmanian.
More precisely, he stated that there exists an integer M such that for every m ≥M
there exists an embedding
ψm : QuotX/S(F,P ) →֒ Grass(H
0(X/S,F (m)), P (m))
defined in the following way. By Serre’s vanishing theorem, there exists an M such
that for every m ≥M , F (m) is generated by global sections and H0(X/S,F (m)) is
compatible with base change. Grothendieck proved that moreover M can be chosen
in a way that for any quotient
0→ KG → f
∗F → G→ 0
on C×T , for any T -point of QuotX/S(F,P ) and any f : T → S, H
0(C×T/T,G(m))
is locally free of rank P (m) and H1(C × T/T,KG(m)) = 0. Then, tensoring the
previous sequence by OC×T (m) and taking the corresponding long exact sequence
yields
H0(C × T/T, f∗F (m))→ H0(C × T/T,G(m)) → H1(C × T/T,KG(m)) ∼= 0
so we get a T -point of the Grassmanian Grass(H0(X/S,F (m)), P (m)).
Composing ψm with the plucker embedding
Grass(H0(X/S,F (m)), P (m)) →֒ P

P (m)∧ H0(X/S,F (m))


yields the desired embedding of the quot scheme into a projective bundle over S.
We will denote by Lm the pullback of the corresponding canonical ample line bundle
on the Grassmanian by ψm.
Theorem 4.4. Let Λ be a sheaf of rings of differential operators on X over S such
that Λ|D is locally free. Let us fix a parabolic type. Let P be a polynomial and let
{rx,i} be integers for x ∈ D and 1 < i ≤ lx. There exists an integer N such that the
functor Rs : (SchS)→ (Sets) (respectively R
ss) that associates each S-scheme T the
set of isomorphism classes of pairs consisting on a (semi-)stable parabolic Λ-module
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(E,E•) over X ×S T with Hilbert polynomial PE = P such that for each x ∈ D,
rk(E|x×T /Ex,i) = rx,i and an isomorphism
α : OT ⊗C C
P (N) → H0(X ×S T/T,E(N))
is representable by a quasi-projective scheme Rs (Rss) over S.
Proof. Let r be the rank of E. Let N be |D|+ 1 plus the maximum of the bounds
given by Corollary 3.6, Corollary 3.10 and Lemma 3.11. Let Q5 the subscheme of
QuotX/S(Λr⊗OX OX(−N)⊗CC
P (N), P ) described in [Sim94, Theorem 3.8], param-
eterizing triples (E,ϕ, α) consisting on a Λ-module E over X with ϕ : Λ⊗ E → E
and an isomorphism α : OS ⊗C C
P (N) → H0(X/S,E(N)).
By construction, every sheaf in the family Q5 is a quotient of Λr ⊗OX(−N)⊗C
CP (N). Let QLF5 be the open subset of triples (E,ϕ, α) ∈ Q5 such that E is locally
free. By the previous corollary, there exists a locally closed subscheme
FQLF5 →֒ Q
LF
5 ×S
∏
S
x∈D
Grass(Λr|{x}×S ⊗OS(−N)⊗C C
P (N), r)
×S
∏
S
x∈D
∏
S
lx
i=2
Grass(Λr|{x}×S ⊗OS(−N)⊗C C
P (N), rx,i)
over QLF5 whose T -points parameterize tuples (E,E•, ϕ, α) consisting on a rigidified
locally free Λ-module (E,ϕ, α) in Q5(T ) and a filtration by sub-bundles over T
E|{x}×T = Ex,1 ) Ex,2 ) . . . ) Ex,lx
for every x ∈ D such that for each 1 < i ≤ lx, rk(E|{x}×T /Ex,i) = rx,i.
Let f : T → S, and let (E,E•, ϕ, α) be a T -point in FQ
LF
5 . We say that (E,E•)
satisfies condition Rj (belongs to Rj(T )) if for every x ∈ X, 1 < i ≤ lx the image of
f∗(Λj)⊗ E
i
x →֒ f
∗(Λj)⊗ E ։ E
lies in Eix. Let Qx,i = E/E
i
x. Then the previous condition is equivalent to requiring
that the morphism f∗(Λj)⊗ E
i
x → Qx,i given by the composition
f∗(Λj)⊗Ex,i →֒ f
∗(Λj)⊗ E ։ E ։ Qx,i
is zero.
Let (E , E•,Φ, A) be the universal pair for FQ
LF
5 . For each x ∈ D and each
i = 1, . . . , lx, let E
i
x be the vector bundle fitting in the short exact sequence
0 −→ E ix −→ E −→ E|{x}×FQLF5
/Ex,i −→ 0
Moreover, take E lx+1x = E(−{x} × S). Let Qx,i = E/E
i
x. Let f : T → S and
let (E,E•, ϕ, α) be a T -point in FQ
LF
5 . It is given by the pullback of (E , E•,Φ, A)
by a morphism e : T → FQLF5 . By flatness of Qx,i, Qx,i = e
∗Qx,i. Therefore,
(E,E•, ϕ, α) satisfies condition Rj if and only if the pullback by e of the morphisms
given by the compositions
π∗(Λj)⊗ E
i
x →֒ π
∗(Λj)⊗ E ։ E ։ Qx,i
are all zero. By [Yok93, Lemma 4.3], this condition is represented by a closed
subscheme Rj of FQ
LF
5 over S.
Let R =
⋂∞
j=1Rj ⊆ FQ
LF
5 . As Q5 is noetherian, Q
LF
5 is noetherian. On the other
hand, FQLF5 is quasiprojective over Q
LF
5 , so it is also noetherian. Therefore, R is a
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closed subscheme of FQLF5 and a point of FQ
LF
5 (T ) belongs to R(T ) if and only if
it satisfies the conditions Rj for all j ≥ 1.
Let Rs (respectively Rss) be the sub-scheme of R parameterizing points of R
whose underlying parabolic Λ-module is (semi-)stable. In the next section (Lemma
5.7) we will prove that (semi-)stability condition on R is equivalent to GIT-(semi-
)stability for a certain group action. Therefore, Rs and Rss are locally closed sub-
schemes of R. Let us prove that Rs and Rss represent the functors Rs and Rss
respectively.
Let ΛRss be the base change of Λ toR
ss viaRss → S, and let (ER
ss
, ER
ss
• , ϕ
Rss , αR
ss
)
be the universal rigidified parabolic ΛRss-module on R
ss. As (ER
ss
, ϕR
ss
, αR
ss
) is a
Rss-point of QLF5 , we have a natural morphism
αR
ss
: ORss ⊗C C
P (N) → H0(C ×Rss/Rss, ER
ss
(N))
As N was chosen so that the conclusion of Corollary 3.6 holds and the restriction
of (ER
ss
, ER
ss
• , ϕ
Rss) to any closed point is semistable, H0(C × Rss/Rss, ER
ss
(N))
is locally free of rank P (N) and compatible with base change. On the other hand,
condition Q2 in Simpson’s construction of scheme Q5 [Sim94, Theorem 3.8] imply
that αR
ss
is injective on the fibers over closed points, so it is an isomorphism.
Therefore, we obtain a universal object (ER
ss
, ER
ss
• , ϕ
Rss , αR
ss
) over Rss, inducing
the quadruples described by the functor Rss for every base change e : T → Rss. Let
us verify that Rss represents the functor Rss.
Let f : T → S be an S-scheme of finite type, and let (E,E•, ϕ, α) be a pair of
a semistable parabolic Λ-module (E,E•, ϕ) over C × T with Hilbert polynomial P
and the given fixed parabolic structure and an isomorphism
α : OT ⊗C C
P (N) → H0(C × T/T,E(N))
By Corollary 3.6, E(N) is generated by global sections and we have a surjection
OC×T (−N)⊗OT H
0(C × T/T,E(N))→ E → 0
Therefore, α induces a morphism
f∗(Λr)⊗OC×T (−N)⊗CC
P (N) ∼= f∗(Λr)⊗OC×T (−N)⊗H
0(C×T/T,E(N))→ E → 0
which defines a point on QLF5 clearly. Restricting the previous morphism to {x}×T ,
for x ∈ D, we get quotients
f∗(Λr)|{x}×T ⊗OT (−N)⊗C C
P (N) → E|{x}×T = Ex,1 → 0
The rest of the parabolic structure E• induces a set of quotients
f∗(Λr)|{x}×T ⊗OT (−N)⊗C C
P (N) → E|{x}×T = Ex,1 → Ex,1/Ex,i → 0
for every x ∈ D and 1 < i ≤ lx, so (E,E•, ϕ, α) defines clearly a point in FQ5(T ).
As the filtration is preserved by f∗Λ, it lies in R(T ). The parabolic Λ-module is
semistable, so it represents a point e ∈ Rss(T ). By universality of (ER
ss
, ER
ss
• , ϕ
Rss , αR
ss
)
yields e∗(ER
ss
, ER
ss
• , ϕ
Rss , αR
ss
) ∼= (E,E•, ϕ, α).
The previous construction is clearly compatible with base change, so it defines
a natural transformation Rss → Hom(·, Rss). Taking the pullback of the univer-
sal object defines an inverse natural transformation Hom(·, Rss) → Rss, so Rss
represents Rss.
By definition, the points in Rs represent points (E,E•, ϕ, α) in R
ss such that
(E,E•, ϕ) is stable. Then, the restriction of the natural transformationHom(·, R
ss)→
Rss to Hom(·, Rs) ⊆ Hom(·, Rss) lies in the subfunctor Rs ⊆ Rss. As the natural
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transformation is an isomorphism, its restriction to Hom(·, Rs) is an isomorphism
onto its image, so we get an isomorphism of functors Hom(·, Rs) → Rs. Then Rs
represents Rs and by [Sim94, Lemma 1.11], Rs is an open subscheme of Rss. 
5. Geometric invariant theory
Two different T -points of the previous scheme Rs (Rss) with the same underlying
parabolic Λ-module (E,E•, ϕ) differ only in the choice of the isomorphism
α : OT ⊗C C
P (N) → H0(X ×S T/T,E(N))
Therefore, they are related by an automorphism of OT ⊗CC
P (N), which is equivalent
to a morphism T → GLP (N)(C). As dilatations T → C
∗ preserve the isomorphism
class of (E,E•, ϕ) up to tensoring by a line bundle over the parameter space L→ T ,
two isomorphism classes of T -families of parabolic Λ-modules differ effectively by a
morphism T → SLP (N)(C).
Therefore, the moduli functor of (semi-)stable parabolic Λ-modules is clearly a
categorical quotient of the functor described in the previous theorem by the action
of SLP (N)(C) on C
P (N). Subsequently, we can obtain a coarse moduli space for
the desired moduli functor by finding a good categorical quotient of the scheme Rs
(Rss) described in the previous theorem by the action of SLP (N)(C). We will use
Geometric Invariant Theory to describe this quotient.
First of all, we will briefly review Mumford’s notation on GIT quotients and the
main GIT-stability theorem. Let X be a proper complex algebraic scheme and let
G be an algebraic group acting on X. Let λ be a one parameter subgroup (1-PS)
of G. For every closed point x ∈ X, composing with the action of G on X yields a
morphism of Gm to X. By properness of X, it extends to a morphism fx,λ : A
1 → X
such that fx,λ(0) is a fixed point for the Gm action. Let L be a G-linearized line
bundle over X. By [Mum82, §1.3], the induced Gm linearization of L restricted to
fx,λ(0) is given by a character of Gm, ξ(α) = α
r for α ∈ Gm. We define
µLG(x, λ) = −r
We will be interested in the following two functorial properties of µ
(1) For fixed x and λ, µ
(•)
G (x, λ) defines a homomorphism from the group of
G-linearized line bundles on X to Z.
(2) If X → Y is a G-linear morphism of schemes on which G acts and L is a
G-linearized line bundle over Y then f∗L is a G-linearized line bundle over
X and
µf
∗L
G (x, λ) = µ
L
G(f(x), λ)
Lemma 5.1. Let ε1, . . . , εM be positive rational numbers. Let G be an algebraic
group and let X1, . . . ,XM be complex projective schemes such that for each i =
1, . . . ,M , G acts on Xi. For each i let OXi(1) be an ample G-linearized line bundle
over Xi. Then for each closed point x = (x1, . . . , xM ) in X1 × . . . ×XM and each
1-PS λ of G
µ
⊗M
i=1OXi(εi)
G (x, λ) =
M∑
i=1
εiµ
OXi(1)
G (xi, λ)
Proof. See [Mum82, Chapter 3]. 
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Lemma 5.2. Let G be an algebraic group acting on a complex proper scheme X,
and let H be a subgroup of G. Let L be any G-linearized line bundle over X. Then
H acts on X, the G-linearization of L induces an H-linearization of L. Let λ be a
1-PS of H, and let λ be the 1-PS of G obtained composing λ with the inclusion of
H in G. Then for every geometric point x
µLH(x, λ) = µ
L
G(x, λ)
Proof. For every closed point x ∈ X, the composition of the action of H on X with
λ coincides with the composition of the action of G with λ. Therefore, both actions
induce the same morphism fx,λ : A
1 → X and the same Gm-linearization of L.
Thus, the linearization of L is given by the same character and the equality holds
by definition of µ. 
Theorem 5.3 ([Mum82, Theorem 2.1]). Let G be a reductive group acting on a
proper complex scheme X. Let L be a G-invariant ample line bundle over X. Then
for every geometric point of X
(1) x is GIT-semistable if and only if µL(x, λ) ≥ 0 for all 1-PS λ.
(2) x is GIT-stable if and only if µL(x, λ) > 0 for all 1-PS λ.
Now, we will apply the previous Theorem to compute the GIT-stability condition
for the linear action on a product of Grassmanians.
Let V and Wi be complex vector spaces for i = 1 . . . ,M . Let pi be an integer
0 ≤ pi ≤ dimWi for i = 1, . . . ,M . For every i, let Grass(pi,Wi⊗V ) and Grass(Wi⊗
V, pi) denote the Grassmanians of subspaces and quotients respectively. There is a
canonical isomorphism
Grass(Wi ⊗ V, pi) ∼= Grass(dim(Wi) dim(V )− pi,Wi ⊗ V )
Let us consider the canonical action of SL(V ) on Grass(Wi⊗V, pi) extended from
the action on V . For each i, Grass(Wi⊗ V, pi) gets embedded into P (
∧pi(Wi ⊗ V ))
by Plucker embedding. For each i, let Oi(1) denote the pullback of OP(
∧pi (Wi⊗V ))(1).
Lemma 5.4. Let ε1, . . . , εM be positive rational numbers. Let x = (L1, . . . , LM ) be
a geometric point of
∏M
i=1Grass(pi,Wi ⊗ V ), i.e., let Li be a subspace of Wi ⊗ V
of dimension pi for each i = 1, . . . ,M . Then x is GIT-(semi-)stable with respect
to the action of SL(V ), linearized by Θ =
⊗m
i=1Oi(εi), if and only if for all linear
subspaces L ⊆ V
(5.1)
∑M
i=1 εi dim(Li ∩ (Wi ⊗ L))
dimL
(≤) <
∑M
i=1 εipi
dimV
Proof. Let n = dim(V ) and mi = dim(Wi). Let λ be any 1-PS of SL(V ). Let
{e1, . . . , en} be a basis of V such that for every t ∈ C, the matrix of λ(t) in the basis
{e1, . . . , en} is given by
λ(t) = (triδij)
n
i,j=1
Where r1 ≥ r2 ≥ . . . ≥ rn and
∑n
i=1 ri = 0. Then, fixed any basis {wi,1, . . . , wi,mi}
of Wi, {wi,k ⊗ ej} is a basis of Wi ⊗ V . Let λ be the composition of λ with the
canonical inclusion of SL(V ) in SL(Wi ⊗ V ). Under, the given adapted basis, λ(t)
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has the form
λ(t) =


mi︷ ︸︸ ︷
tr1
. . .
tr1
. . .
mi︷ ︸︸ ︷
trn
. . .
trn


Let us call rl to the exponent of t for the l-th entry on the diagonal of λ(t), i.e.,
for 1 ≤ j ≤ n and 1 ≤ k ≤ mi
r(j−1)mi+k = rj = r⌈l/mi⌉
On the other hand, for each subset I ⊆ {1, . . . , n} × {1, . . . ,mi}, let LI denote the
linear subspace of V ×Wi defined as
LI =


n∑
j=1
dim(Wi)∑
k=1
xj,kwi,k ⊗ ej
∣∣∣∣∣∣xj,k = 0∀(j, k) ∈ I


Similarly, for each subset I ⊆ {1, . . . , n}, let LI be the subspace of V defined as
LI =


n∑
j=1
xjej
∣∣∣∣∣∣xj = 0∀j ∈ I


Finally, if we denote Il = {(j, k) ∈ {1, . . . , n} × {1, . . . ,mi}|(j − 1)mi + k ≥ l}, for
1 ≤ l ≤ nmi, combining Lemma 5.2 and [Mum82, Proposition 4.3] yields
µ
Oi(1)
SL(V )(Li, λ) = µ
Oi(1)
SL(Wi⊗V )
(Li, λ) = −pirnmi +
nmi−1∑
l=1
dim
(
Li ∩ LIl+1
)
(rl+1 − rl)
On the other hand, for each l, rl+1 − rl = r⌈(l+1)/mi⌉ − r⌈l/mi⌉ is only nonzero if l is
a multiple of mi. Moreover, for each 1 ≤ j < n,
LIjmi+1 = L({ej′ ⊗ wi,k|1 ≤ j
′ ≤ j, 1 ≤ k ≤ mi}) =
Wi ⊗L({ej′ |1 ≤ j
′ ≤ j}) =Wi ⊗ L{j+1,...,n}
Therefore
µ
Oi(1)
SL(V )(Li, λ) = −pirn +
n−1∑
j=1
dim
(
Li ∩ LIjm+1
)
(rj+1 − rj) =
− pirn +
n−1∑
j=1
dim
(
Li ∩
(
Wi ⊗ L{j+1,...,n}
))
(rj+1 − rj)
Now, by Lemma 5.1,
µΘSL(V )(x, λ) = −
M∑
i=1
εipirn +
M∑
i=1
εi
n−1∑
j=1
dim
(
Li ∩
(
Wi ⊗ L{j+1,...,n}
))
(rj+1 − rj)
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By Theorem 5.3, x is GIT-(semi-)stable if and only if µΘSL(V )(x, λ) is positive (non-
negative) for all 1-PS λ. µΘSL(V )(x, λ) is a linear function of the rj. Thus, its value
is positive (non-negative) for all rj such that r1 ≥ . . . ≥ rn and
∑n
j=1 rj = 0 if and
only if it is positive (non-negative) for the extreme sets of rj{
r1 = r2 = . . . = rl = n− l
rl+1 = . . . = rn = −l
for every 1 ≤ l < n. For such {rj}, rj+1 − rj is nonzero just for j = l, so
µΘSL(V )(x, λ)(≥) > 0 for such rj if and only if
(5.2) l
M∑
i=1
εipi −
M∑
i=1
εi dim
(
Li ∩
(
Wi ⊗ L{l+1,...,n}
))
n(≥) > 0
Every 1-PS of SL(V ) is conjugate to a 1-PS which is diagonalized in the basis
{e1, . . . , en} and for which r1 ≥ r2 ≥ . . . ≥ rn. Therefore, x is GIT-semistable if
and only if condition (5.2) holds for every basis choice {e1, . . . , en}. Under base
change, L{l+1,...,n} ranges over the set of linear subspaces of V of dimension l, so x
is GIT-(semi-)stable if and only if for every subspace L ( V
dim(L)
M∑
i=1
εipi − n
M∑
i=1
εi dim (Li ∩ (Wi ⊗ L)) (≥) > 0

Corollary 5.5. Let ε1, . . . , εM be rational numbers. Let x = (ϕ1, . . . , ϕM ) be a
geometric point of
∏M
i=1Grass(Wi ⊗ V, pi), i.e., let ϕi : Wi ⊗ V ։ Li be a quotient
of dimension pi for each i = 1, . . . ,M . Then x is GIT-(semi-)stable with respect to⊗m
i=1Oi(εi) if and only if for all linear subspaces L ⊆ V∑M
i=1 εi dim(ϕi(Wi ⊗ L))
dimL
(≥) >
∑M
i=1 εipi
dimV
Proof. Let p′i = dim(V ) dim(Wi)− pi. For each ϕi :Wi ⊗ V ։ Li, let L
′
i = Ker(ϕi)
be the corresponding image of ϕi in Grass(p
′
i,Wi ⊗ V ), and let x
′ = (L′1, . . . , L
′
M ).
Clearly, x is GIT-semistable if and only if x′ is GIT-semistable, i.e., if and only if
inequality (5.1) holds for every linear subspace L ⊆ V . Let L ⊆ V be any linear
subspace. Then, for each i
dim(L′i ∩ (Wi ⊗ L)) = dim(Ker(ϕi) ∩ (Wi ⊗ L)) = dim(Ker(ϕi|Wi⊗L)) =
dim(Wi ⊗ L)− dim(Im(ϕi|Wi⊗L)) = dim(Wi) dim(L)− dim(ϕi(Wi ⊗ L))
Therefore, by the previous Lemma, x′ is (semi-)stable if and only if∑M
i=1 εi dim(ϕi(Wi ⊗ L))
dimL
=
∑M
i=1 εi (dim(Wi) dim(L)− dim(Li ∩ (Wi ⊗ L)))
dimL
=
M∑
i=1
εi dim(Wi)−
∑M
i=1 εi dim(Li ∩ (Wi ⊗ L))
dimL
(≥) >
M∑
i=1
εi dim(Wi)−
∑M
i=1 εip
′
i
dim(V )
=
∑M
i=1 εi(dim(Wi) dim(V )− p
′
i)
dim(V )
=
∑M
i=1 εipi
dim(V )

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We can extend the previous GIT-stability conditions for Grassmanians of locally
free vector bundles by means of the following Lemma due to Simpson
Lemma 5.6 ([Sim94, Lemma 1.13]). Suppose that Z → S is a projective scheme.
Let G be a reductive algebraic group acting on Z, such that the action is trivial on
S and preserves the morphism Z → S. Let L be a relatively very ample linearizable
invertible sheaf for the action of G. If t → S is a geometric point then the (semi-
)stable points of the fibrer Zs are those which are (semi-)stable in the total space,
i.e. Zst = (Z
s)t (Z
ss
t = (Z
ss)t respectively).
Let Wi be a locally free vector bundle on S for i = 1, . . . , l. Let V be a finite
dimensional vector space. Let ri be integers and let εi be rational numbers for
i = 1, . . . , l. Let Gi = Grass(Wi ⊗C V, ri) → S and let us consider the canonical
action of SL(V ) on Gi for each i. Let Oi(1) denote the canonical G-linearizable line
bundle on S corresponding to the Plucker embedding
Grass(Wi ⊗C V, ri)→ P
(
ri∧
Wi ⊗C V
)
Then SL(V ) acts on G =
∏l
i=1Gi and Θ =
⊗l
i=1Oi(εi) is a relatively very ample G-
linearizable invertible sheaf, flat over S. By the previous Lemma, a geometric point
in G, standing over a fiber t → S is (semi-)stable if and only if the corresponding
point in Gs =
∏l
i=1Grass(Wi|s ⊗ V, ri) satisfies the condition of Corollary 5.5.
Lemma 5.7. Let R be the quasi-projective scheme described by Theorem 4.4. Let
Ox,i(1) denote the canonical ample line bundle on Grass(Λr|{x}×S ⊗ OS(−N) ⊗C
CP (N), rx,i) under the plucker embedding for x ∈ D and 1 ≤ i ≤ lx, where we are
setting rx,1 = r for each x ∈ D. There exists an integer m such that for every
m ≥ m there exist positive rational numbers ε0, εx,i, for x ∈ D, i = 1, . . . , lx such
that a geometric point of R is GIT-(semi-)stable for the linearization induced by the
restriction of
Θ = Lm(ε0)⊗
⊗
x∈D
lx⊗
i=1
Ox,i(εi)
to R if and only if it corresponds to a (semi-)stable parabolic Λ-module.
Proof. Let M = |D|. For each x ∈ D, let εx,i = αx,i − αx,i−1 for 1 < i ≤ lx and
εx,1 = 1−αx,lx . As αx,i are strictly crescent and less than 1, it is clear that εx,i > 0
for all x ∈ D and i = 1, . . . , lx. For any m > N let
ε0 =
par-µ(E) +N −M + 1− g
m−N
The choice of N in Theorem 4.4 ensures that ε0 > 0. By definition a Λ-module over
C × S is (semi-)stable if and only if its restriction to Xs for every s ∈ S is (semi-
)stable. On the other hand, by the previous lemma an S-point in R is (semi-)stable,
if and only if its specification to every s ∈ S is (semi-)stable. Therefore, we can
restrict ourselves to closed points of R, i.e., Λ-modules over a certain geometric fiber
Xs of C × S. First, let us prove that all GIT-semistable points of R are semistable.
Let (E,E•, ϕ) be a parabolic Λ-module over Xs, for some s ∈ S underlying a GIT-
semistable point of R. Suppose that (E,E•, ϕ) is unstable. Let (F,F•, ϕ) be the
maximum destabilizing sub-Λ-module. By maximality of the parabolic slope, it is
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a semistable parabolic Λ-module and we can assume without loss of generality that
F has the induced parabolic structure from (E,E•).
By Corollary 3.10, F (N) is generated by global sections. Let L = H0(Xs, F (N)).
By Corollary 5.5, GIT-semi-stability of (E,E•, ϕ, α) for the linearization Θ implies
that
(5.3)
ε0 dim Im(H
0(Xs,ΛXs,r ⊗OXs(m−N))⊗ L→ H
0(Xs, E(m)))
dimL
+
∑
x∈X εx,1 dim Im(Λr|{(x,s)} ⊗ L→ Ex,1)
dimL
+
∑
x∈D
∑lx
i=2 εx,i dim Im(Λr|{(x,s)} ⊗OS(−N)|s ⊗ L→ Ex,1/Ex,i)
dimL
≥
ε0PE(m) +
∑
x∈D
(
εx,1r +
∑lx
i=2 εx,irx,i
)
PE(N)
On the other hand, by N -regularity of F , yields
H0(Xs,ΛXs,r ⊗OXs(m−N))⊗H
0(Xs, E(N)) // // H
0(Xs, E(m))
H0(Xs,ΛXs,r ⊗OXs(m−N))⊗H
0(Xs, F (N)) // //
?
OO
H0(Xs, F (m))
?
OO
Thus
dim Im(H0(Xs,ΛXs,r ⊗OXs(m−N))⊗ L→ H
0(Xs, E(m))) = PF (m)
As ΛXs,r⊗OXs(−N)⊗L generates F , Λr|{(x,s)}⊗OS(−N)|s⊗L generates F |{(x,s)} =
Fx,1 in Ex,1 for each x ∈ D. Therefore, for each x ∈ D and each 1 < i ≤ lx
dim Im
(
Λr|{(x,s)} ⊗OS(−N)|s ⊗ L→ (Ex,1/Ex,i)
)
= dim
(
F |{(x,s)}
Ex,i
)
= rk
(
Fx,1
Ex,i ∩ Fx,1
)
= rk
(
Fx,1
Fx,i
)
= rk(Fx,1)− rk(Fx,i) = rk(F )− rk(Fx,i)
Therefore, substituting the previous computations in equation (5.3) and taking into
account that by Corollary 3.10, dimL = h0(Xs, F (N)) = PF (N), yields
(5.4)
ε0PF (m) +
∑
x∈D
(
εx,1 rk(F ) +
∑lx
i=2 εx,i(rk(F )− rk(Fx,i))
)
PF (N)
≥
ε0PE(m) +
∑
x∈D
(
εx,1r +
∑lx
i=2 εx,irx,i
)
PE(N)
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For each x ∈ D we have
(5.5)
εx,1 rk(F ) +
lx∑
i=2
εx,i(rk(F )− rk(Fx,i)) =
lx∑
i=1
εx,i rk(F )−
lx∑
i=2
(αx,i −αx,i−1) rk(Fx,i)
= (1− α1) rk(F ) + α1 rk(Fx,2)−
lx−1∑
i=2
αx,i(rk(Fx,i)− rk(Fx,i+1))− αx,lx rk(Fx,lx)
= rk(F )−
lx−1∑
i=1
αx,i(rk(Fx,i)− rk(Fx,i+1))− αx,lx rk(Fx,lx) = rk(F )− wtx(F )
Adding up over x and substituting in both sides of equation (5.4) yields
ε0PF (m) +M rk(F )− wt(F )
PF (N)
≥
ε0PE(m) +M rk(E)− wt(E)
PE(N)
By Riemann-Roch formula, PF (k) = rk(F )(k + 1 − g) + deg(F ). Substituting in
the previous equation and dividing both numerators and denominators by the cor-
responding ranks yields
ε0(m+ 1− g) +M + ε0µ(F )− η(F )
N + 1− g + µ(F )
≥
ε0(m+ 1− g) +M + ε0µ(E)− η(E)
N + 1− g + µ(E)
Subtracting ε0 to both sides of the inequality gives
ε0(m−N) +M − η(F )
N + 1− g + µ(F )
≥
ε0(m−N) +M − η(E)
N + 1− g + µ(E)
By the choice of N , both denominators are positive, so by multiplying and grouping
one obtains
µ(F ) (ε0(m−N) +M − η(E)) + η(F ) (N + 1− g + η(E))
≤ µ(E) (ε0(m−N) +M) + η(E) (N + 1− g)
Adding and substracting µ(E)η(E) to the right hand side of the inequality yields
µ(F ) (ε0(m−N) +M − η(E)) + η(F ) (N + 1− g + µ(E))
≤ µ(E) (ε0(m−N) +M − η(E)) + η(E) (N + 1− g + µ(E))
By the choice of ε0, ε0(m−N) +M − η(E) = N + 1− g + µ(E) > 0. Thus
µ(F ) + η(F ) ≤ µ(E) + η(E)
contradicting that F destabilizes E.
Moreover par-µ(F ) = par-µ(E) if and only if (5.4) is an equality. Therefore, if
(E,E•, ϕ) is a strictly semistable parabolic Λ-module and (F,F•, ϕ) is a parabolic
sub-Λ-module such that par-µ(F ) = par-µ(E), then taking L = H0(Xs, F (N)) we
obtain equality in (5.4) and, therefore, (E,E•, ϕ, α) is strictly GIT semistable.
Now, we will prove that semi-stability implies GIT-stability for big enough m.
Let (E,E•) be a semistable parabolic Λs-module over Xs. By Corollary 3.10, the
image of (E,E•) under the embedding ψm is GIT-semistable if and only if condition
(5.3) holds for every L ⊆ CP (N).
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Let L ⊆ CP (N) be any vector subspace. Let F be the subsheaf of E obtained as
the image of L under the quotient ΛXs,r ⊗OXs(−N) ⊗C C
P (N)
։ E and let KL,E
be the kernel of the quotient
0→ KL,E → ΛXs,r ⊗OXs(−N)⊗C L→ F → 0
Tensoring the previous short exact sequence by OX(m) yields
0→ KL,E(m)→ ΛXs,r ⊗OXs(m−N)⊗C L→ F (m)→ 0
The set of possible subshefs F generated this way and the set of possible kernels
KL,E both form bounded families of sheaves on X flat over S, so by [Sim94, Lemma
1.9], there exists an m0 such that for every m ≥ m0, H
1(Xs,KL,E(m)) = 0 and
H1(Xs, F (m)) = 0. Therefore, the corresponding long exact sequence in cohomology
reduces to
0→ H0(Xs,KL,E(m))→ H
0(Xs,ΛXs,r ⊗OXs(m−N))⊗C L
→ H0(Xs, F (m))→ H
1(Xs,KL,E(m)) = 0
Thus,
dim Im(H0(Xs,ΛXs,r⊗OXs(m−N))⊗L→ H
0(Xs, E(m))) = h
0(Xs, F (m)) = PF (m)
On the other hand, similarly to the first part of the proof, L⊗Λr|{(x,s)}⊗OS(−N)|s
generates Fx,1 in Ex,1 for each x ∈ D. Therefore, for each x ∈ D and each 1 < i ≤ lx
dim Im
(
Λr|{(x,s)} ⊗OS(−N)|s ⊗ L→ (Ex,1/Ex,i)
)
= dim
(
F |{(x,s)}
Ex,i
)
= rk
(
Fx,1
Ex,i ∩ Fx,1
)
= rk
(
Fx,1
Fx,i
)
= rk(Fx,1)− rk(Fx,i) = rk(F )− rk(Fx,i)
Substituting the previous computation in condition (5.3) and taking into account
(5.5) implies that condition (5.3) is equivalent to
(5.6)
ε0PF (m) +M rk(F )− wt(F )
dimL
≥
ε0PE(m) +M rk(E)− wt(E)
PE(N)
Under the isomorphism αE : H
0(Xs, E(N)) → C
P (N), L corresponds to a sub-
space of sections of F (N). Therefore, dimL ≤ dimH0(Xs, F (N)) = PF (N) +
h1(Xs, F (N)) and in order to prove that the previous condition holds it is sufficient
to demonstrate that
ε0PF (m) +M rk(F )− wt(F )
PF (N) + h1(Xs, F (N))
≥
ε0PE(m) +M rk(E)− wt(E)
PE(N)
holds. Let us denote τF (N) = h
1(Xs, F (N))/ rk(F ). Applying Riemann-Roch the-
orem and dividing by the rank yields that the condition is equivalent to
ε0(m+ 1− g) +M + ε0µ(F )− η(F )
N + 1− g + µ(F ) + τF (N)
≥
ε0(m+ 1− g) +M + ε0µ(E)− η(E)
N + 1− g + µ(E)
Subtracting ε0 to both sides of the inequality gives
ε0(m−N) +M − η(F ) − ε0τF (N)
N + 1− g + µ(F ) + τF (N)
≥
ε0(m−N) +M − η(E)
N + 1− g + µ(E)
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By the choice of N , both denominators are positive, so by multiplying and grouping
one obtains
µ(F ) (ε0(m−N) +M − η(E))+η(F ) (N + 1− g + η(E)) ≤ µ(E) (ε0(m−N) +M)
+ η(E) (N + 1− g)− τF (N) (ε0(N + 1− g + µ(E)) + ε0(m−N) +M − η(E))
Adding and substracting µ(E)η(E) to the right hand side of the inequality yields
µ(F ) (ε0(m−N) +M − η(E)) + η(F ) (N + 1− g + µ(E))
≤ µ(E) (ε0(m−N) +M − η(E)) + η(E) (N + 1− g + µ(E))
− τF (N) (ε0(N + 1− g + µ(E)) + ε0(m−N) +M − η(E))
Again, by the choice of ε0, ε0(m−N) +M − η(E) = N + 1− g + µ(E) > 0 so we
have to prove that for big enough m
µ(F ) + η(F ) + (ε0 + 1)τF (N) ≤ µ(E) + η(E)
AddingN+1−g to both sides of the inequality and applying Riemann-Roch theorem,
this is equivalent to proving that
h0(Xs, F (N))
rk(F )
+ η(F ) + ε0τF (N) =
PF (N) + h
1(Xs, F (N))
rk(F )
+ η(F ) + ε0τF (N)
= N+1−g+µ(F )+η(F )+(ε0+1)τF (N) ≤ N+1−g+µ(E)+η(E) =
PE(N)
rk(E)
+η(E)
As E is an element of Q5(s), it is a quotient C
P (N)⊗OXs(−N)։ E. Let G be the
image of L⊗OXs(−N) under such quotient. By construction of Q5, it is clear that
F is the image of G under the action of ΛXs,r
ΛXs,r ⊗OXs(−N)⊗C L // //

F _

ΛXs,r ⊗G // E
By Lemma 2.13, F sat = Im(ΛXs,r⊗G→ E)
sat with the induced parabolic structure
is a parabolic sub-Λ-module of E. Therefore, by Lemma 3.11
h0(Xs, F (N))
rk(F )
+ η(F ) ≤
PE(N)
rk(E)
+ η(E)
Let us distinguish two cases. If the inequality is an equality, then by Lemma 3.11
we know that h1(Xs, F (N)) = 0, so τF (N) = 0 and we are done. Otherwise, by
Lemma 3.12, there exists a number δ > 0 such that
h0(Xs, F (N))
rk(F )
+ η(F ) + δ ≤
PE(N)
rk(E)
+ η(E) =
h0(Xs, E(N))
rk(E)
+ η(E)
As we have seen, the set of possible built subsheaves F is a bounded family over a
projective curve. Therefore, by [Kle71, Theorem 3.13], the set of possible values for
µ(F (N)) is bounded from below. As we have
τF (N) =
h0(Xs, F (N))
rk(F )
− (N + 1− g)− µ(F )
≤
PE(N)
rk(E)
−(N+1−g)+η(E)−η(F )−µ(F ) ≤
PE(N)
rk(E)
+η(E)−(N+1−g)−min
F
{µ(F )}
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the set of possible values of τF (N) is bounded from above. Let τ be the maximum
of such values. As N is fixed, there exists an m1 ≥ m0 such that for m ≥ m1
ε0τF (N) ≤ ε0τ < δ
Therefore, for m ≥ m1, if (E,E•, ϕ) is semistable then
h0(Xs, F (N))
rk(F )
+ η(F ) + ε0τF (N) <
h0(Xs, F (N))
rk(F )
+ η(F ) + δ
≤
PE(N)
rk(E)
+ η(E)
Therefore, condition (5.6) holds for every L ⊆ CP (N) and (E,E•) is GIT-semistable
under embedding ψm for every m ≥ m1.
Suppose that (E,E•, ϕ, α) is strictly GIT semistable. Let L ⊆ C
P (N) such
that we have an equality in (5.6). Take F = Im (ΛXs,r ⊗OXs(−N)⊗C L→ E)
as before. As L ⊆ H0(Xs, F (N)), we may assume without loss of generality that
L = H0(Xs, F (N)). Then
h0(Xs, F (N))
rk(F )
+ η(F ) + ǫ0τF (N) =
PE(N)
rk(E)
+ η(E)
If we had τF (N) 6= 0 then, in particular,
h0(Xs, F (N))
rk(F )
+ η(F ) <
PE(N)
rk(E)
+ η(E)
So, using Lemma 3.12 as 0 < ǫ0τF (N) < δ
h0(Xs, F (N))
rk(F )
+ η(F ) + ε0τF (N) <
h0(Xs, F (N))
rk(F )
+ η(F ) + δ
≤
PE(N)
rk(E)
+ η(E)
contradicting the equality assumption in (5.6). Therefore, τF (N) = 0 and we obtain
h0(Xs, F (N))
rk(F )
+ η(F ) =
PE(N)
rk(E)
+ η(E)
By Lemma 3.11, F must be saturated and, therefore, (F,F•, ϕ) is a parabolic sub-
Λ-module with par-µ(F ) = par-µ(E), so (E,E•, ϕ) is strictly semistable.

Theorem 5.8. Let M(Λ, P, α, r) : (SchS) → (Sets) denote the functor that asso-
ciates each S-scheme f : T → S the set of isomorphism classes of semistable para-
bolic Λ-modules over C × T with Hilbert polynomial P and the given parabolic type
modulo S-equivalence and tensoring by a line bundle over T . Let Ms(Λ, P, α, r) be
the subfunctor corresponding to isomorphism classes of stable parabolic Λ-modules.
There exists a quasi-projective variety M(Λ, P, α, r) such that
(1) M(Λ, P, α, r) is a coarse moduli space for M(Λ, P, α, r).
(2) There is an open subscheme M s(Λ, P, α, r) ⊆M(Λ, P, α, r) which is a coarse
moduli space for the functor Ms(Λ, P, α, r). Moreover, it admits a locally
universal family in the e´tale topology.
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Proof. Let Θ be any very ample line bundle over R for which Lemma 5.7 holds.
Then Lemma 5.7 implies that the subscheme of GIT-(semi-)stable points of R is
Rs (respectively Rss). Take the GIT quotient M(Λ, P, α, r) := Rss/ SLP (N)(C).
By the discussion at the start of this section, M(Λ, P, α, r) is the quotient of the
functor Rss described in Theorem 4.4 by SLP (N)(C). By [Sim94, Proposition 1.11],
M(Λ, P, α, r) is a universal categorical quotient of Rss by SLP (N)(C), the projection
map Rss → M(Λ, P, α, r) is affine and M(Λ, P, α, r) is quasi-projective. Moreover,
M s(Λ, P, α, r) ⊆ M(Λ, P, α, r) is an open sub-scheme whose preimage under the
quotient morphism is Rs such that Rs → M s(Λ, P, α, r) is a universal geometric
quotient. This proves that M(Λ, P, α, r) universally corepresents
Rss/SLP (N)(C) ∼=M(Λ, P, α, r)
and M s(Λ, P, α, r) universally corepresents
Rs/SLP (N)(C) ∼=M
s(Λ, P, α, r)
Therefore, in order to prove the Theorem it is enough to prove that the geomet-
ric points of M(Λ, P, α, r) coincide with the S-equivalence classes of parabolic Λ-
modules. By [Sim94, Lemma 1.10], the closed points in M(Λ, P, α, r) are in one
to one correspondence with the closed orbits of SLP (N)(C) in R
ss. Therefore, it is
enough to prove that the orbit of any semistable parabolic Λ-module (E,E•) con-
tains its graduate Gr(E) by the Jordan-Ho¨lder filtration and that the orbit of a
graduate object Gr(E) is closed. The proof is then completely analogous to the one
given for [Sim94, Theorem 1.21.3] (used also in [Sim94, Theorem 4.7.3] to prove the
same property for non-parabolic Λ-modules). 
6. Residual parabolic Λ-modules
One of the principal uses of enhancing a vector bundle with a parabolic structure
is to control the behavior of some “field” such as a logarithmic connection or a Higgs
field near a puncture in a smooth Riemann surface. This is usually done through
the control of some kind of residue of the structure around the parabolic points of
the surface.
Following the definitions of residue of a parabolic Higgs field or residue of a
parabolic connection (parabolic DC-module) given by Simpson [Sim90], the residue
at a parabolic point is an endomorphism of the fiber of the underlying bundle over
the point induced by the action of the field or connection respectively.
While studying the moduli spaces of these geometric structures and the correspon-
dences between them, some restrictions over the residues of both the Higgs field and
the connection appear naturally. For example, in the case of parabolic Higgs bun-
dles, for every stable parabolic vector bundle (E,E•), the cotangent space at (E,E•)
to the moduli space of parabolic vector bundles can be canonically identified through
Serre duality with H0(SParEnd(E,E•) ⊗ K(D)). Therefore, every element of the
cotangent bundle corresponds to a stable parabolic Higgs bundle. All the parabolic
Higgs fields ϕ obtained this way share the property of being strongly parabolic, i.e.,
for every x ∈ D and for every i = 1, . . . , lx
(6.1) Res(ϕ, x)(Ex,i) ⊆ Ex,i+1
In fact, if we restrict ourselves to studying strongly parabolic Higgs fields, then the
cotangent bundle of the moduli space of stable parabolic vector bundles fits as an
open dense subset of the moduli space of stable strongly parabolic Higgs bundles. We
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can also understand the strongly parabolic condition as a control of the eigenvalues
of the Higgs field at the parabolic points. In this sense, it is equivalent to imposing
that the residue has a null spectrum.
On the other hand, through Simpson’s correspondence we know that there exists
an equivalence of categories between stable parabolic Higgs bundles and stable fil-
tered DC-modules [Sim90]. If (E,E•,∇) is a parabolic connection corresponding to
an stable strongly parabolic Higgs bundle, then the action of the residue Res(∇, x)
at the fiber E|x must satisfy the following two conditions
(1) The eigenvalues of Res(∇, x) must coincide with the parabolic weights and,
(2) Res(∇, x) must act on Ex,i/Ex,i+1 as multiplication by αi.
These conditions can be reformulated as imposing that for every x ∈ D and every i
(6.2) (Res(∇, x)− αx,i IdE|x)(Ex,i) ⊆ Ex,i+1
As another example, in order to define parabolic λ-connections we must impose the
following condition on the residue, serving as a sort of interpolation between the
other two
(Res(∇, x)− λαx,i IdE|x)(Ex,i) ⊆ Ex,i+1
This will be explored in more detail in the last part of this paper (section 8).
Through this section we aim to give a suitable definition for the residue of a par-
abolic Λ-module that generalizes the ones given by Simpson [Sim90] in the previous
scenarios. Using this definition, we will present a “residual” condition on parabolic
Λ-modules that unifies the previous examples and we will show that the moduli
of semistable residual parabolic Λ-modules exists as a closed subscheme of the one
constructed in the previous section.
Let Λ be a sheaf of rings of differential operators such that Λ|D is locally free.
Let (E,E•, ϕ) be a parabolic Λ-module. By definition, for every parabolic point
x ∈ D, the image of Λ ⊗ E(−{x} × S) by the morphism ϕ : Λ ⊗ E −→ E lies in
E(−{x} × S). Therefore, if ix : S ∼= {x} × S →֒ C × S is the canonical inclusion we
have a commutative diagram of sheaves of (OX ,OX)-modules
Λ⊗OX E(−{x} × S)
//

Λ⊗OX E
//
ϕ

Λ⊗OX (ix)∗E|{x}×S
✤
✤
✤
// 0
0 // E(−{x} × S) // E
ev // (ix)∗E|{x}×S // 0
and we obtain a morphism
ϕ|{x}×D : Λ⊗OX (ix)∗E|{x}×S −→ (ix)∗E|{x}×S
Taking the pullback by ix : S →֒ C × S we obtain an induced morphism
Res(ϕ, x) : Λ|{x}×S ⊗OS E|{x}×S → E|{x}×S
Definition 6.1 (Total residue of a Λ-module). We call
Res(ϕ, x) : Λ|{x}×S ⊗OS E|{x}×S −→ E{x}×S
the total residue of the parabolic Λ-module (E,E•, ϕ) at the point x ∈ D.
As Λ⊗E → E preserves the parabolic structure, then for every x ∈ D, Res(ϕ, x)
preserves the parabolic filtration in the sense that for every i = 1, . . . , lx
Res(ϕ, x)
(
Λ|{x}×S ⊗OS Ex,i
)
⊆ Ex,i
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As an explicit example of this construction, let S be a point and let us consider
a parabolic connection ∇ : E −→ E ⊗KC(D). Let x ∈ D be a parabolic point and
let z be a local coordinate in a neighborhood of x. Then there is a matrix Ax such
that ∇ can be locally written as
∇(v) = Axv
dz
z
+ dv
where v is a local section of E around x. Now let us consider the operator ∇′ :
TC(−D) ⊗ E −→ E obtained from ∇ by contraction. It corresponds to the action
of ΛDR,logD1 on E. If X is a local section of TC(−D) and v is a local section of E
around x ∈ D, then
∇′(X , v) = AxvX (v)/z + X (v)
In particular, as X is locally written as X = tz ∂∂z for some local regular function t,
then
∇′(X , v) = ∇′
(
tz
∂
∂z
, v
)
= tAxv + tz
∂v
∂z
Observe that the second summand of the right hand side is always a local section
of E(−x). Moreover, if v ∈ E(−x) then the first factor also belongs to E(−x), so
∇′ sends TC(−D) ⊗ E(−D) to E(−D). As the evaluation of the second summand
at z = 0 is always 0, the evaluation
∇′(X , v)|z=0 = (tAxv) |z=0 = t(0)Axv(0)
only depends on X|z=0 and v|z=0, so we obtain a morphism
Res(∇′, x)|TC (−D)|x : TC(−D)|x ⊗ E|x
∼= Ox ⊗ E|x // E|x
tz ∂∂z
∣∣
z=0
⊗ v ✤ // t⊗ v ✤ // tAxv
Notice that through the canonical isomorphism Ox ⊗ E|x ∼= E|x, the morphism
Res(∇′, x)|TC(−D)|x ∈ End(Ex) coincides with the usual notion of residue of ∇, in
the sense of the order −1 coefficient in the Laurent series of ∇ around the point x.
Now let us consider the complete action of ΛDR,logD1 = OC ⊕ TC(−D) on E. It is
locally given by
∇′(f +X , v) = fv +∇′(X , v)
Where f is a locally regular function around x ∈ D. Once more the restriction
of ∇′(f + X , v) to z = 0 only depends on f(0), X|z=0 and v|z=0, so we obtain a
morphism
Res(∇′, x)|
ΛDR,logD1 |x
: ΛDR,logD1 |x ⊗ E|x
∼= (Ox ⊕Ox)⊗ E|x // E|x(
f + tz ∂∂z
∣∣
z=0
)
⊗ v ✤ // (f, t)⊗ v ✤ // fv + tAxv
Similarly, if ϕ : E −→ E⊗KC(D) is a Higgs field, then around x ∈ D it is locally
given as
ϕ(v) = Axv
dz
z
for some matrix Ax. If we consider the induced morphism ϕ
′ : (OC⊕TC(D))⊗E → E
given by
ϕ′(f + X , v) = fv +AxvX (z)/z
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then the evaluation of this expression at z = 0 clearly only depends on f(0), X|z=0
and v|z=0 so it induces a morphism
Res(ϕ′, x)|
ΛHiggs,logD1 |x
: ΛHiggs,logD1 |x ⊗ E|x
∼= (Ox ⊕Ox)⊗ E|x // E|x(
f + tz ∂∂z
∣∣
z=0
)
⊗ v ✤ // (f, t)⊗ v ✤ // fv + tAxv
Observe that if (E,E•, ϕ) is a parabolic Λ-module and R ∈ H
0(S,Λ|{x}×S), then
composing R with Res(ϕ, x) yields an endomorphism of the fiber E|{x}×S that pre-
serves the parabolic filtration.
ResR(ϕ, x) : E|{x}×S = OX |{x}×S⊗E|{x}×S
f∗R
−→ f∗Λ|{x}×S⊗E|{x}×S
Res(ϕ,x)
−→ E|{x}×S
Definition 6.2. Let Λ be a sheaf of rings of differential operators over C×S flat over
S such that Λ|D is locally free. A residual condition for Λ over D is a set of sections
R = {Rx,i} with Rx,i ∈ H
0(S,Λ|{x}×S) for each x ∈ D and each i = 1, . . . , lx. Given
a residual condition R, for each f : T → S and each family of parabolic Λ-modules
over T , (E,E•, ϕ) we obtain morphisms
ResRx,i(ϕ, x) : E|{x}×T = OX |{x}×T⊗E|{x}×T
f∗(Rx,i)
−→ f∗Λ|{x}×T⊗E|{x}×T
Res(ϕ,x)
−→ E|{x}×T
So we obtain an endomorphism ResRx,i(ϕ, x) ∈ H
0(T,EndOT (E|{x}×T )). Moreover,
as Λ preserves the parabolic filtration, ResRx,i(ϕ, x) preserves the parabolic filtration
over x for every i = 1, . . . , lx. If R is a residual condition for Λ over D, we say that
a parabolic Λ-module (E,E•) is R-residual if for every x ∈ D and every i = 1, . . . , lx
ResRx,i(ϕ, x)(Ex,i) ⊆ Ex,i+1
For example, if we take
RDRx,i =
(
−λx,i, z
∂
∂z
∣∣∣∣
z=0
)
∈ H0(x,ΛDR,logD1 |x) ( H
0(x,ΛDR,logD|x)
Then for the connection ∇ : E → E ⊗K(D) in the previous example
ResRDRx,i
(∇, x) = Ax − λi Id ∈ End(E|x)
Therefore a connection is R
DR
-residual if
(1) The eigenvalues of the residue at each parabolic point x ∈ D are {λx,i}
respectively and
(2) the residue acts on Ex,i/Ex,i+1 by multiplication by λx,i
Therefore, we can control the eigenvalues of a connection through an R
DR
-residual
condition. For example, taking λx,i = αx,i we recover the residue condition of a
parabolic connection described at the start of the section. This can be also achieved
in the context of Higgs bundles. For example, if we take
RHiggsx,i = z
∂
∂z
∣∣∣∣
z=0
∈ H0(x,ΛHiggs,logD1 |x) ( H
0(x,ΛHiggs,logD|x)
Then Res
RHiggsx,i
(ϕ, x) = ϕ|x so a Higgs bundle ϕ : E −→ E⊗K(D) is R
Higgs
-residual
if and only if it is strongly parabolic.
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Theorem 6.3. Let Λ be a sheaf of rings of differential operators over C × S flat
over S such that Λ|D is locally free. Let R, be a residual condition for Λ over D.
Let M(Λ, R, P, α, r) : (SchS) → (Sets) denote the functor that associates each S-
scheme f : T → S the set of isomorphism classes of semistable R-residual parabolic
Λ-modules over C×T with Hilbert polynomial P and the given parabolic type modulo
S-equivalence and tensoring by a line bundle over T . Let Ms(Λ, R, P, α, r) be the
subfunctor corresponding to classes of stable parabolic Λ-modules. There exists a
quasi-projective variety M(Λ, R, P, α, r) such that
(1) M(Λ, R, P, α, r) is a coarse moduli space for the functor M(Λ, R, P, α, r) ⊂
M(Λ, P, α, r).
(2) There is an open subscheme M s(Λ, R, P, α, r) ⊆M(Λ, R, P, α, r) which is a
coarse moduli space for the functor Ms(Λ, R, P, α, r). Moreover, it admits a
locally universal family in the e´tale topology.
Proof. Let R be the quasi-projective scheme described by Theorem 4.4. Let (E , E•)
be the Λ-module underlying the corresponding universal object and ϕuniv : π∗Λ ⊗
E → E be the universal action of Λ on E . Let f : T → S. A family of rigidified
parabolic Λ-modules (E,E•, ϕ, α) corresponding to a T point e : T → R is R-residual
if for every x ∈ D and 1 ≤ i ≤ lx the following composition of morphisms
e∗Ex,i
  // e∗E|x,1
f∗(Rx,i) // f∗(Λ|{x}×S)⊗ e
∗Ex,1
e∗ Res(ϕuniv,x)
// e∗Ex,1 // // e
∗(Ex,1/Ex,i+1)
is zero. By [Yok93, Lemma 4.3], there is a closed subscheme RRes ⊆ R parameter-
izing R-residual Λ-modules of R. Let RssRes := R
ss ∩RRes and R
s
Res := R
s ∩RRes. It
is clear that RRes is invariant under the action of SLP (N)(C) on R. Therefore, the
quotient of Rss by SLP (N)(C) restricts to a quotient of R
ss
Res.
Theorem 5.8 applies and we get that the closed subscheme
M(Λ, R, P, α, r) = RssRes/ SLP (N)(C) →֒ R
ss/ SLP (N)(C) =M(Λ, P, α, r)
is a coarse quasi-projective moduli space for the given moduli functorM(Λ, R, P, α, r).
SimilarlyM s(Λ, R, P, α, r) ⊆M s(Λ, P, α, r) is a quasi-projective coarse moduli space
for Ms(Λ, R, P, α, r)
The existence of a local universal family in the e´tale topology onM s(Λ, R, P, α, r)
is obtained by restriction of local universal families over M s(Λ, P, α, r). 
7. Existence of a universal family
In this section we prove that, under certain generic hypothesis, the moduli spaces
of stable parabolic Λ-modules previously constructed are fine moduli spaces, i.e.,
there exists a universal family and the corresponding scheme represents the moduli
functor. This will be achieved generalizing the proof in [BY99, Section 3].
Lemma 7.1. Let (E,E•) be a parabolic vector bundle on (C,D) such that the un-
derlying vector bundle E is of type e, degree d and rank r. Let (H,H•) be a parabolic
line bundle of degree h. Let M = |D|. If
d > rh+ r(2g − 2 +M) + r(r − 1)e
then h1(ParHom((H,H•), (E,E•))) = 0.
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Proof. By parabolic Serre duality we obtain
h1 (ParHom((H,H•), (E,E•))) = h
0 (SParHom((E,E•), (H,H•))⊗K(D))
≤ h0 (ParHom((E,E•), (H,H•))⊗K(D))
Where ParHom and SParHom denote the sheaves of parabolic morphisms and
strongly parabolic morphisms respectively.
Let ϕ : (E,E•) → (H,H•) ⊗ K(D) be a nonzero parabolic morphism and let
(K,K•) be the kernel of the morphism ϕ endowed with the induced parabolic struc-
ture from (E,E•). Then yields
deg(K) ≥ deg(E)− deg (H ⊗K(D)) = d− h− (2g − 2 +M)
On the other hand, as (E,E•) is of type e we have
µ(K) =
deg(K)
r − 1
≤ µ(E) + e =
d
r
+ e
Solving for deg(K) in the second inequality and substituting in the first one yields
(r − 1)d+ r(r − 1)e ≥ r deg(K) ≥ rd− rh− r(2g − 2 +M)
Therefore
d ≤ rh+ r(2g − 2 +M) + r(r − 1)e

Now let (E , E•,Φ, A) be the universal rigidified Λ-module over R
s defined in The-
orem 4.4. It is clear that the action of SLP (N)(C) on (E , E•,Φ) is trivial, but the
center of GLP (N)(C) acts on (E , E•,Φ) by dilatations on the fibers. Observe that the
action of C∗ on the action Φ is also trivial. Therefore, if there exists a line bundle
L over Rs with a natural lift of the GLP (N)(C) action such that the center C
∗ acts
by multiplication on L, then the rigidified Λ-module(
E ⊗ π∗RsL
−1, E• ⊗ π
∗
RsL
−1,Φ⊗ Id, α⊗ Id
)
is GLP (N)(C)-equivariant and, therefore, it projects to a universal family of stable
parabolic Λ-modules over Ms(Λ, P, α, r).
Lemma 7.2. Given a parabolic type r = {rx,i}, let
mx,i = rx,i+1 − rx,i
for i = 1, . . . , lx. If the great common divisor of the numbers {d,mx,i|x ∈ D, 1 <
i ≤ lx} is one, then there exists a line bundle L over R
s with natural action of
GLP (N)(C) such that the elements γ · Id ∈ GLP (N)(C) act by multiplication by γ.
Proof. From Lemma 3.4, we know that there is some e ∈ R such that every stable
parabolic Λ-module underlying a point in Rs is of type e. Take a line bundle H
with
deg(H) = h <
d
r
− 2g + 2−M − (r − 1)e
For every choice κ : D → Z such that 1 ≤ κ(x) ≤ lx + 1, set
βx (= βx,1) =
{
αx,κ(x) if κ(x) ≤ lx
1+αx,lx
2 if κ(x) = lx + 1
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and endow H with the trivial parabolic structure for the system of weights β. Let
us denote it by (H,Hκ• ). Moreover, let
χ(κ, h) = d+ r(1− g − h)−
∑
x∈D
κ(x)−1∑
i=1
mx,i
By the previous lemma, for every stable parabolic Λ-module (E,E•, ϕ) we have
h1 (ParHom((H,Hκ• ), (E,E•))) = 0. Applying Riemann-Roch theorem yields
h0 (ParHom((H,Hκ• ), (E,E•))) = χ(κ, h)
so E ′ = H0 (C ×Rs/Rs,ParHom(π∗C(H,H
κ
• ), (E , E•))) is a locally free sheaf of rank
χ(κ, h) over Rs. Let L(κ, h) be its determinant. By construction GLP (N)(C) acts
on E ′ and there is an induced action on L(κ, h) such that γ ·Id acts as multiplication
by γχ(κ,h).
Given a1, . . . , aM ∈ Z, κ1, . . . , κM : D → Z and h1, . . . , hM ∈ Z, consider the
bundle
M⊗
i=1
L(κi, hi)
ai
with the induced GLP (N)(C) action. Then γ·Id acts as multiplication by γ
∑M
i=1 aiχ(κi,hi).
Therefore it is enough to prove that there exist ai, κi and hi such that
∑M
i=1 aiχ(κi, hi) =
1. Let κx,i, κ
+
x,i : D → Z be given by
κx,i(y) =
{
i− 1 x = y
0 x 6= y
κ+x,i(y) =
{
i x = y
0 x 6= y
Then for every h yields
χ(κ+x,i, h)− χ(κx,i, h) = mx,i
χ(κ, h) − χ(κ, h− 1) = r
χ(0, h) − (1− g − h) (χ(0, h) − χ(0, h− 1)) = d
As GCD({mx,i, r, d}) = GCD({mx,i, d}) = 1 the lemma follows. 
The previous discussion leads to the following theorem.
Theorem 7.3. For every x ∈ D and i = 1, . . . , lx let mx,i = rx,i+1 − rx,i =
dim(Ex,i) − dim(Ex,i+1). Let d be the degree of the underlying vector bundle, so
that P (m) = r(m + 1 − g) + d. If the great common divisor of the numbers
{d,mx,i|x ∈ D, 1 < i ≤ lx} is one then
(1) The moduli space of stable parabolic Λ-modules is a fine moduli space, i.e.,
there exists a universal family (E , E•,Φ) over M
s(Λ, P, α, r).
(2) For every residual condition R, the moduli space of stable residual para-
bolic Λ-modules is a fine moduli space, i.e., there exists a universal family
(E , E•,Φ) over M
s(Λ, R, P, α, r).
Proof. If the coprimality condition holds then the discussion at the start of the
section combined with Lemma 7.2 proves that Ms(Λ, P, α, r) admits a universal
parabolic Λ-module. Restricting it to the closed subscheme Ms(Λ, R, P, α, r) ⊆
Ms(Λ, R, P, α, r) we obtain the second desired universal family. 
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Observe that, in particular, if take Λ to be trivial then we recover precisely the
numerical condition on r given by Boden and Yokogawa [BY99, Proposition 3.2] for
the existence of a universal family on the moduli space of parabolic vector bundles.
Moreover, if the parabolic type is trivial and α = 0 the moduli space coincides with
the moduli space of stable Λ-modules and the numerical condition reduces to asking
for the rank and degree to be coprime. For trivial Λ or for Λ = ΛHiggs this is known
to be a necessary and sufficient condition [Ram73].
Notice that, while for Λ-modules on the compact case this coprimality condition
implies that there does not exist any strictly semistable object, for nontrivial par-
abolic structures there exist non-generic systems of weights such that there exist
strictly semistable Λ-modules in M(Λ, P, α, r) and simultaneously the subscheme
M s(Λ, P, α, r) (M(Λ, P, α, r) admits a universal family. In particular, we have
Corollary 7.4. If r is a full flag parabolic type then
(1) Ms(Λ, P, α, r) is a fine moduli space.
(2) Ms(Λ, R, P, α, r) is a fine moduli space.
8. Moduli space of parabolic λ-connections
Let ξ be a line bundle over C, let α be a fixed system of weights over D and
r = {rx,i} a parabolic type. Let us suppose that deg(ξ) = −
∑
x∈D
∑lx
i=1 αx,i. Fixing
a line bundle and a system of weights α over C allows us to describe canonically a
parabolic line bundle over C, (ξ, ξβ), taking the underlying vector bundle as ξ and
defining trivial filtrations over each x ∈ D with parabolic weight
βx := βx,1 =
lx∑
i=1
αx, i(rx,i+1 − rx,i)
As ξ has rank one, any parabolic structure on ξ consists of trivial filtrations. It is
possible that for some x ∈ D, βx ≥ 1. Taking into account the definition for the
parabolic structure in terms of left continuous filtrations given by Simpson [Sim90], a
parabolic line bundle ξ with jumps at weights βx for each x ∈ D such that ξβx,x = ξx
is the same as a trivial filtration for the bundle
(8.1) ξ
(∑
x∈D
⌊βx⌋x
)
with parabolic weights {βx − ⌊βx⌋}x∈D.
Thus, the value of the jump βx completely defines the parabolic structure on ξ.
By construction, we get that
pardeg(ξ) = deg(ξ) +
∑
x∈D
βx = deg(ξ) +
∑
x∈D
lx∑
i=1
αx,i = 0
The line bundle ξ can be given the structure of a parabolic Higgs bundle canoni-
cally taking a zero Higgs field. In fact, as the rank of ξ is one, every traceless Higgs
field over ξ must be zero, so MHiggs(1, β, ξ) consists exactly of the point (ξ, ξβ , 0).
Let (E,E•,Φ) be a traceless strongly parabolic SLr(C)-Higgs bundle with para-
bolic system of weights α such that det(E) = ξ. Taking the r-th exterior power, the
morphism Φ induces a morphism
∧r E → ∧r E ⊗K(D) locally given by the trace
of Φ. As tr(Φ) = 0, the induced morphism is the zero morphism.
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Thus, taking the determinant, every parabolic Higgs bundles [(E,E•,Φ)] ∈ MHiggs(r, α, ξ)
induces the same parabolic Higgs bundle (ξ, ξβ , 0).
Using the Simpson correspondence [Sim90] between parabolic Higgs bundles of
parabolic degree 0 and parabolic connections of parabolic degree 0, the parabolic
Higgs bundle (ξ, ξβ , 0) corresponds to a parabolic connection (ξ, ξβ ,∇ξ,β) with the
same parabolic weights β, such that Res(∇ξ,β, x) = βx Id for every x ∈ D.
Let (E′, E′•,∇) be the parabolic connection corresponding to the Higgs bundle
(E,E•,Φ) under the Simpson correspondence. Taking the r-th exterior power, ∇
induces a morphism
∇˜ :
r∧
E →
r∧
E ⊗K(D) .
As the Simpson correspondence is an equivalence of categories preserving the
exterior product [Sim90, Theorem 2], the wedge product of (E′, E′•,∇) must be the
image of the wedge product of (E,E•,Φ). Therefore, the morphism ∇˜ must coincide
with ∇ξ,β. This leads up to the following definition of parabolic λ-connection for
the group SLr(C).
Definition 8.1. For a fixed line bundle ξ, a system of weights α and a given λ ∈ C
a parabolic λ-connection on C (for the group SLr(C)) is a quadruple (E,E•,∇, λ)
where
(1) λ is a complex number.
(2) (E,E•) −→ C is a parabolic vector bundle of rank r and weight system α
together with an isomorphism
∧r E ∼= ξ.
(3) ∇ : E → E ⊗K(D) is a C-linear homomorphism of sheaves over the under-
lying vector space of E satisfying the following conditions
(a) If f is a locally defined holomorphic function on C and s is a locally
defined holomorphic section of E then
∇(fs) = f · ∇(s) + λ · s⊗ df
(b) For each x ∈ D the homomorphism induced in the filtration over the
fiber Ex satisfies
∇(Ex,i) ⊆ Ex,i ⊗K(D)|x
(c) For every x ∈ D and every i = 1, . . . , lx the action of Res(∇, x) on
Ex,i/Ex,i+1 is the multiplication by λαx,i. Since Res(∇, x) preserves
the filtration, it acts on each quotient.
(d) The operator
∧r E −→ (∧r E) ⊗ K(D) induced by ∇ coincides with
λ · ∇ξ,β.
We also have the following natural notion of stability for λ-connections.
Definition 8.2. A parabolic λ-connection (E,E•,∇) is (semi-)stable if and only if
for every parabolic subsheaf (F,F•) ⊆ (E,E•) preserved by ∇
par-µ(F )(≤) < par-µ(E)
Given a parabolic λ-connection (E,E•,∇, λ), the connection induces a parabolic
morphism ∇′ : (K(D))∨ ⊗ E → E that satisfies that for every local section v of
(K(D))∨, each locally defined holomorphic function on C and each local section f
of E
(8.2) ∇′(v ⊗ (fs)) = f∇′(v ⊗ s) + λdf(v) · s
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Then we get a morphism (Id |E ⊕∇
′) : (OC ⊕ (K(D))
∨)⊗ E → E. Let us consider
the bimodule structure on OC ⊕ (K(D))
∨ given by
(8.3)
(g, v) · f = (fg + λdf(v), fv)
f · (g, v) = (fg, fv)
where f, g are local sections of OC and v is a local section of (K(D))
∨ over the same
open subset of C.
Then it becomes clear that requiring ∇′ to satisfy equation (8.2) is equivalent
to asking morphism ∇′′ = (Id |E ⊕ ∇
′) : (OC ⊕ (K(D))
∨) ⊗OX E → E to be a
(OX ,OX)-module morphism for the previous bimodule structure of OC ⊕ (K(D))
∨,
as then for every local sections f, g ∈ OC(U), v ∈ (K(D))
∨(U) and s ∈ E(U) over
each an open set U .
∇′′((g, v) ⊗ (fs)) = ∇′′ (((g, v) · f)⊗ s) = ∇′′ ((fg + λdf(v), fv)⊗ s)
= fgs+ λdf(v)s+ f∇′(v ⊗ s)
From the previous explicit product formula, applying [Sim94, Theorem 2.11] it
becomes clear that for each λ, the sheaf ΛDR,logD,λ1 = OC ⊕ (K(D))
∨ with the given
bimodule structure extends to a (split quasi-polynomial) sheaf of rings of differential
operators ΛDR,logD,λ over C. Now let us consider the product X = C ×A1, and let
p1 : X → C be the canonical projection. Then, Λ
DR,logD,R
1 := OX ⊕ p
∗
1((K(D))
∨)
can be given a bimodule structure patching together the previous one for each value
of λ ∈ A1. In particular, as OX ∼= OC ⊗C OA1 , we define the right action by OX as
(8.4) ((g, λ), v) · (f ⊗ ν) = (νfg + λνdf(v), νfv)
Again, applying [Sim94, Theorem 2.11] we can extend the bimodule structure to
a (split quasi-polynomial) sheaf of rings of differential operators over X flat over
A1. By construction, it coincides to the deformation to the graduate of ΛDR,logD.
See [Sim94, Section 2, p. 41] for the general construction of the deformation to the
graduate for a split quasi-polynomial sheaf of rings of differential operators.
Conditions (2), (3.a) and (3.b) of the definition imply that a parabolic λ-connection
is a parabolic ΛDR,logD,R-module over Spec(C) with fixed determinant ξ. Let us fix
once and for all an isomorphism OA1 ∼= C. Let λx,i = λ ·αx,i ∈ H
0(A1,OX |{x}×A1) ∼=
H0(A1,OA1). Let us denote λ = {λx,i}. Let z be a local coordinate around x. Then
let
Rλx,i =
(
−λx,i, π
∗
C
(
z
∂
∂z
))
∈ H0
(
A1,OA1 ⊕ π
∗
CTC(−D)|{x}×A1
)
= H0
(
A1,ΛDR,logD,R1 |{x}×A1
)
( H0
(
A1,ΛDR,logD,R|{x}×A1
)
Then R
λ
= {Rλx,i} is a residual condition for Λ
DR,logD,R. From the definition, it is
clear that condition (3.c) is equivalent to requiring the parabolic ΛDR,logD,R-module
to be R-residual.
If ∇′′ : ΛDR,logD,R ⊗ E → E is a parabolic ΛDR,logD,R-module, it induces a
parabolic ΛDR,logD,R-module
∇˜′′ : ΛDR,logD,R ⊗
r∧
E →
r∧
E
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Let us consider the rank one λ-connection λ · ∇ξ,α : ξ → ξ ⊗ K(D) over the fixed
determinant bundle. As before, it induces a ΛDR,logD,R-module
λ · ∇′′ξ,α : Λ
DR,logD,R ⊗ ξ → ξ
Condition (3.d) is equivalent to requiring ∇˜′′ to coincide with morphism λ · ∇′′ξ,α
under the isomorphism
∧r E ∼= ξ.
ΛDR,logD,R ⊗
∧r E ∇˜′′ //
≀

∧r E
≀

ΛDR,logD,R ⊗ ξ
λ·∇′′
ξ,α // ξ
(8.5)
Therefore, we can give the following alternative definition of a parabolic λ-connection
Definition 8.3. A parabolic λ-connection is a R
λ
-residual parabolic ΛDR,logD,R-
module over λ : Spec(C)→ A1, ∇′′ : λ∗ΛDR,logD,R⊗(E,E•)→ (E,E•) with
∧r E ∼=
ξ such that the induced morphism
∇˜′′ : λ∗ΛDR,logD,R ⊗
r∧
E →
r∧
E
coincides with λ · ∇′′ξ,α : λ
∗ΛDR,logD,R ⊗ ξ → ξ.
Using this equivalent definition we can prove the following theorem.
Theorem 8.4. Let MHod(ξ, α, r) : (SchA1) → (Sets) denote the functor that as-
sociates each scheme f : T → A1, the set of isomorphism classes of semistable
parabolic λ-connections over C×T with determinant ξ and the given parabolic type.
Let MsHod(ξ, α, r) be the subfunctor corresponding to classes of stable parabolic λ-
connections. There exists a quasi-projective variety MHod(ξ, α, r) such that
(1) MHod(ξ, α, r) corepresents the functor MHod(ξ, α, r).
(2) The geometric points of MHod(ξ, α, r) are in bijection with the equivalence
classes of semistable parabolic λ-connections with Hilbert polynomial P and
the given parabolic type on C under the relation of S-equivalence.
(3) There is an open subscheme M sHod(ξ, α, r) ⊆MHod(ξ, α, r) which is a coarse
moduli space for the functor MsHod(ξ, α, r).
(4) Let mx,i = rx,i+1 − rx,i. If the great common divisor of {deg(ξ),mx,i|x ∈
D, 1 < i ≤ lx} then there is a universal stable parabolic A
1 family of λ-
connections (E , E•,∇
univ) over C ×M sHod(ξ, α, r) × A
1. In particular, if r
corresponds to a full flag parabolic type, M sHod(ξ, α, r) is a fine moduli space.
Proof. The parabolic structure r fixes the rank of the parabolic λ-connection and ξ
fixes its degree. As C is a curve, this data uniquely determines the Hilbert polyno-
mial P of the λ-module. Let Rλ be the scheme constructed in the proof of Theorem
6.3 for the given Hilbert polynomial and parabolic structure, taking Λ = ΛDR,logD,R
over C×A1 over A1 and the residual condition R
λ
. Let us consider the determinant
morphism det : Rλ → Jac(C) sending each geometric point of Rλ (E,E•, ϕ, α) to
det(E) =
∧r E. We denote by Rξλ the pre-image of the point ξ by this morphism.
Therefore, it is a closed subscheme of Rλ parameterizing locally free elements of Rλ
whose determinant is ξ.
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Let f : T → A1 be a scheme. We say that a T -point (E,E•, ϕ, α) of R
ξ
λ, satisfies
condition det if the morphism
∇˜′′ : f∗ΛDR,logD,R ⊗
r∧
E →
r∧
E
induced by ∇′′ : ΛDR,logD,R ⊗ E → E coincides with the morphism
f · f∗∇′′ξ,α : π
∗ΛDR,logD,R ⊗ π∗Cξ → π
∗
Cξ
under the isomorphism
∧r E ∼= ξ.
Let (E , E•) be the λ-residual parabolic Λ
DR,logD,R-module underlying the universal
object in Rξλ. Let π : R
ξ
λ → A
1. The action of ΛDR,logD,R on the universal object
induces a morphism
∇˜′′ univ : π∗ΛDR,logD,R ⊗
r∧
E →
r∧
E
On the other hand, by tanking the pullback to Rξλ, we have a fixed morphism
π · π∗∇′′ξ,α : π
∗ΛDR,logD,R ⊗ π∗Cξ → π
∗
Cξ
Under the isomorphism
∧r E ∼= π∗Cξ, this induces a morphism
π · π∗∇′′ξ,α : π
∗ΛDR,logD,R ⊗
r∧
E →
r∧
E
Then a T -point of Rξλ given by e : T → R
ξ
λ satisfies condition det if the pullback
of
∇˜′′univ − π · π∗∇′′ξ,α : π
∗ΛDR,logD,R ⊗
r∧
E →
r∧
E
by e is zero. By [Yok93, Lemma 4.3], there is a closed subscheme Rξ,detλ of R
ξ
λ such
that the pullback is zero if and only if e factors through Rξ,detλ .
Clearly, Rξ,detλ is a SLP (N)(C)-invariant sub-scheme ofRλ. Let R
ξ,det,ss
λ = R
ξ,det,ss
λ ∩
Rss and Rξ,det,sλ = R
ξ,det,ss
λ ∩ R
s. Then the quotient of Rssλ by SLP (N)(C) re-
stricts to a quotient of Rξ,det,ssλ . By Theorem 6.3, Rλ/ SLP (N)(C) corepresents
M(Λ, R, λ, P, α, r), soMHod(ξ, α, r) = R
LF,ξ,det,ss
λ / SLP (N)(C) corepresents the sub-
functor of M(Λ, R, λ, P, α, r) corresponding to locally free families with fixed deter-
minant ξ such that diagram (8.5) commutes. By the previous equivalent definition,
this subfunctor coincides with MHod(ξ, α, r).
For each parabolic λ-connection (E,E•, ϕ) in R
ss
λ , the closure of the orbit by the
SLP (N)(C) action coincides with the set of S-equivalent parabolic λ-connections. The
closure of the orbit always contain as a representative the graduate of its Jordan-
Ho¨lder filtration Gr(E), which is locally free by construction and has the same
determinant bundle. Therefore, the local closures of two SLP (N)(C)-orbits in R
ss
λ
intersect if and only if their closures intersect, because the intersection has at least
a point in Rξ,det,ssλ .
This proves that the set of closed points in MHod(ξ, α, r) is in correspondence
with the desired set of isomorphism classes of parabolic λ-connections modulo S-
equivalence.
By construction M sHod(ξ, α, r) ⊆ M
s(ΛDR,logD,R, R
λ
, P, α, r). If the coprimality
condition of part (4) of the theorem holds, then by Theorem 7.3, there exists a
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universal family on M s(ΛDR,logD,R, R
λ
, P, α, r). Restricting it to MsHod(ξ, α, r) we
obtain the desired universal family. 
Now we will focus in developing the structure of the fibers of the moduli over A1.
Let λ be a closed point in A1. Let f : T → A1 be any A1-scheme. The stability
condition for parabolic Λ-modules over S is stated point-wise on the base scheme.
Therefore, by the base change formula for Λ-modules, any family of semistable
parabolic ΛDR,logD,R-modules which lie over λ, i.e., any T -point of MHod(P,α, r)
over A1 such that the map T → A1 is constant and identical to λ, is a family of
semistable parabolic ΛDR,logD,Rλ
∼= ΛDR,logD,λ-modules.
Therefore, the fiber of MHod(P,α, r) over λ coincides with the moduli space of
ΛDR,logD,λ-modules. Moreover, if we restrict the right action (8.4) of OX ∼= OC ⊗C
OA1 on Λ
DR,logD,R to OA1 , it induces an action of C
∗ on the moduli which, by
construction, preserves the fibers over A1. From equation (8.4), this action coincides
with the C∗ action
(E,E•,∇, λ) · µ = (E,E•, µ∇, µλ)
The action gives an explicit isomorphism between each fiber over λ 6= 0 and the
fiber over 1 ∈ A1.
Let λ = 0. Then, the OC bimodule structure (8.3) on Λ
DR,logD,0 reduces to
(g, v) · f = (fg, fv) = f · (g, v)
so the left and rightOC -actions are equal. As expected, Λ
DR,logD,0 coincides with the
graduate of ΛDR,logD, which is simply ΛHiggs,logD. The residue restricts to X0 ∼= C
as the null section, so the fiber of the moduli over λ = 0 is a family of 0-residual
parabolic ΛHiggs,logD-modules satisfying condition Therefore, the fiber over λ = 0
coincides with the moduli space of parabolic Higgs bundles over C. On the other
hand, from (8.3) it is clear that ΛDR,logD,1 ∼= ΛDR,logD, so the fiber over λ = 1 (and
therefore, over any nonzero λ) is isomorphic to the moduli space of vector bundles
with a parabolic connection.
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